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Abstract 

We study equivariant deformations of singular curves with an action of a finite flat group 
scheme, using a simplified version of lUusie's equivariant cotangent complex. We apply these 
methods in a special case which is relevant for the study of the stable reduction of three point 
covers. 

Introduction 

Let F be a (not necessarily smooth) projective curve over an algebraically closed field k of charac- 
teristic p > 0. Let 14^ be a complete local ring with residue field k. Furthermore, let G be a finite 
fiat group scheme over W which acts faithfully on Y. We denote by Dcf {Y, G) the functor which 
associates to a local Artinian M^-algebra R with residue field k the set of isomorphism classes of 
G-equivariant deformations of Y to R. The present paper is concerned with a study of the functor 
Def (Y, G), using cohomological methods. The special case where Y is smooth and G is a constant 
group scheme has been studied previously by Bertin and Mezard [3] . 

One of the motivations for studying the functor Def (Y, G) is the lifting problem. Suppose that 
Y is smooth and that G is a finite abstract group which acts faithfully on the curve Y. Let W 
be the ring of Witt vectors over k, and consider G as a constant group scheme over W. In this 
situation, the lifting problem ask the following question. Docs there exist a finite extension R/W 
of complete discrete valuation rings and a G-equivariant lift of Y over R7 For instance, if the 
deformation functor Def (Y, G) is unobstructed then the answer to this question is positive. 

A conjecture of Oort predicts that the lifting problem has a positive solution if the group G is 
cyclic. However, even in the simplest nontrivial case G = Z/p (where Oort's conjecture is proved, 
see [21] and [6]) the functor Def {Y,G) is obstructed. In [3] these obstructions are identified as 
elements in a certain Galois cohomology group. However, they remain a bit mysterious. One of 
the motivations for generalizing the approach of Bertin-Mezard is the author's hope that this will 
lead to new insight into the nature of these obstruction, and the lifting problem in general. 

Another (related) motivation comes from the study of the stable reduction of Galois covers of 
curves. Let i? be a complete discrete valuation ring, with algebraically closed residue field k of 
characteristic p and fraction field K of characteristic 0. Let Yk — > Xk be a Galois cover of smooth 
projective curves over K, with Galois group G. After a finite extension of K , there exists a certain 
natural i?-model Yr of Yk Xk, called the stable model, see [18] or [26] for a precise 

definition. The problem we are interested in is to understand this model and in particular its 
relation with the ramification of the prime p in the field K. It has become clear from recent work 
of several authors (e.g. [11], [19], [26]) that this problem naturally leads to the study of singular 
curves with an action of an infinitesimal group scheme, and of the deformation theory of such 
objects. 

This paper is divided into two main parts. The first part (§1-3) is an exposition of certain 
cohomological methods for studying equivariant deformations of (not necessarily smooth) curves 
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with group scheme action. Although the guiding principles are the same as in [3], we have to 

use much heavier technical machinery. For instance, it does not suffice to look at the equivariant 
cohomology of the tangent bundle of Y over k, as in [3]. Instead, one has to consider certain 
hyperext groups with values in the equivariant cotangent complex of Y over k. The latter is an 
object in the derived category of G-Oy-modules, and was first introduced by Grothendieck in [8]. 

In principal, everything one might want to known about the equivariant cotangent complex 
and its role in deformation theory can be found in Illusie's book [12]. However, the generality in 
which [12] is written makes it difficult to read and to work with in a concrete situation (at least for 
the author of this paper). In the literature there are a number of excellent and readable accounts 
of certain special cases (see e.g. [23] or [3], §2-3) but none seems to be sufficiently general to deal 
with the case wc need. To improve this situation, the present paper contains a self-contained 
exposition of a special case of Illusie's theory, which should nevertheless be sufficiently general for 
the applications we have in mind. 

In the second part of this paper (§4-5) we apply the general theory to a special case which is 
relevant for the study of three point covers with bad reduction. In particular, we prove a certain 
result which is a key ingredient for the main theorem of [26] . 

We start in §4 with a multiplicative deformation datum. To give an idea what this is, fix a 
smooth proje(;tive curve X over k. Then a multiplicative defirmation datum over X is a pair 
(Z, V), where Z — > X is a Galois cover of smooth projective curves over a field k of characteristic 
p > 0, with Galois group H of order prime-to-p, and V C ^k{z)/k is an iJ-stable Fp-vcctor space of 
logarithmic differential forms. To {Z, V) wc associate a finite flat group scheme G over W{k) and 
a (singular) curve Y over k with an action of G such that X = Y/G. Briefly, the group scheme G 
is of the form fipXiH and Y ^ Z is the /i^-cover locally given by s Kummer equations yf = Ui, 
where 0i = dui/ui, i = 1, . . . ,s, form a basis of V. 

We study the deformation functor Def {Y, G) which classifies equivariant formal deformations 
of Y and exhibit a number of its properties which are, in general, very different from the properties 
enjoyed by the deformation functor studied in [3]. For instance, there is in general no such thing 
as a local-global principle, because the 'local contribution' to the tangent space of the functor 
Def (Y, G) is not concentrated in a finite number of closed points. However, from another point 
of view things are really much easier than in [3], due to the fact that the 'p-Sylow' of G is a 
multiplicative group scheme. Since multiplicative group schemes have trivial cohomology, the 
general machinery developed in the first sections shows that the deformation functor Def (Y, G) 
is unobstructed. Another nice property of Def (F, G) is the existence of a natural morphism of 
deformation functors 

(1) Def (y,G) — > Def(X;rj) 

which sends an equivariant deformation of Y to its quotient by G. (Here we regard X as a marked 
curve, the marked points being the 'branch points' n, . . . ,t„ of the G-cover Y — > X.) In this 

respect, the G-covcr Y ^ X behaves like a tamely ramified Galois cover. However, unlike in the 
case of tamely ramified Galois covers, the fimctor (1) is in general not an isomorphism. 

In §5 we assume in addition that the curve X is the projective line and that the vector space V 
is an irreducible Fp[if]-module which decomposes, after tensoring with Fp, into the direct sum of 
one dimensional modules. Among all the multiplicative deformation data (Z, V) of this type, there 
are some which we call special. The definition of specialty is given in terms of certain numerical 
invariants attached to {Z, V). But philosophically, special deformation data are attached to three 
point Galois covers of the projective line with bad reduction to characteristic p. We refer to [25] and 
[26] for details on the case dimpp V = 1 and for a more satisfactory explanation of the connection 
to three point covers. Let us only mention that the deformation theory of the G-cover Y ^ X 
attached to a special deformation datum has a number of very nice and surprising properties: 

• The lifting property: the morphism of deformation functors (1) is an isomorphism. In this 
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respect, the G-cover Y —> X behaves just Uke a tamely ramified Galois cover. 

• The local-global principle: local deformations in formal neighborhoods of the ramification 
points (which satisfy a certain condition) can be interpolated by a unique global deformation 

of y. 

• Rigidity: If an equivariant deformation of Y in equal characteristic (i.e. over a local k- 
algebra) is again special then it is the trivial deformation. Therefore, there exist at most a 
finite number of special deformation data of a given type (up to isomorphism), and every 
special deformation datum can be defined over a finite field. 

These properties are very particular to special deformation data. They reflect, in a rather subtle 
way, the connection to three point covers with bad reduction and in particular to the fact that 
three point covers are 'rigid' objects. 

At the end of the paper, the reader will find three appendices containing background material 
which the author found difficult to extract from the literature. This includes Picard stacks, the 
cohomology of affine group schemes, and two spectral sequences which are useful to compute 
equivariant hyperext groups. 

1 The equivariant cotangent complex 

In [12] lUusie defines, for any morphism of schemes Y —>■ S, the cotangent complex Cy/s- This is a 
complex of flat Oy-modules, well defined up to canonical quasi-isomorphism, such that H^{Cy/s) = 
^ly/s- li Y ^ S is smooth then Cy/s = ^y/s- Moreover, if G ^ S' is a group scheme acting on 
Y, lUusie defines the equivariant cotangent complex as an object of the derived classifying topos 
3D+(i?G/x) whose underlying complex of Oy-modules is £y/s- 

In this section we give a more down-to-earth definition of the equivariant cotangent complex 
which, however, works well only if y ^ S' and the G-action on Y have certain good properties. 
We follow the original approach of Grothendieck [8]. This gives the 'correct' cotangent complex 
only if y — > 5 is a local complete intersection morphism. We assume that Y admits locally an 
equivariant embedding into a formally smooth ^-scheme with G-action. Under this assumption, it 
is much easier to endow the cotangent complex with a natural G-action. 

1.1 Let S = Speci? be an affine scheme, G ^ S" a flat affine group scheme and Y S a,n S- 
scheme with an action of G. By a G-Oy-module we mean a sheaf of O-^-modules !F, together with a 
lift of the G-action from Y to A homomorphism between two G-Oy-modules !F and Q is a sheaf 
homomorphism which is both Oy-linear and G-equi variant. The group of such homomorphisms 
is denoted by HomG(jF, Q). We denote by dJl{Y, G) the corresponding category of G-Oy- modules. 
See Appendix C.l for more details on the category dJl{Y,G). For * G {+,—,5}, we denote by 
R*{Y, G) the category of cochain complexes in 9Jl(y, G), up to homotopy, which are bounded from 
below (* = +). boimded from above (* = — ) or bounded in both directions (* = b). We write 
2)*(y G) for the derived category of R*{Y, G). 

In this section we define the equivariant cotangent complex Cy/s of the morphism Y ^ S as 
an object of T)~^{Y, G), assuming: 

Assumption 1.1 Every point of Y is contained in an affine and G-stable open neighborhood 

U C Y such that the following holds. There exists a formally smooth affine ^-scheme P — > /S with 
G-action and a G-equivariant closed immersion tp : U ^ P. 

Remark 1.2 It is not clear to the author how restrictive Assumption 1.1 is. We expect that it can 
be verified in any concrete situation where one actually wants to apply our theory. For instance, 
in §4 we use the case where G is an extension of a constant by a multiplicative group scheme and 
acts freely on a dense open subset of Y. In this situation. Assumption 1.1 is easy to verify. 
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1.2 A triple {U,P,(p) as in Assumption 1.1 is called a local chart for Y —>■ S. Often we will 

simply write 99 instead of {U, P. Lp). Given such a local chart, we denote by T C Op the sheaf of 
ideals defining the image of ip. We define the cotangent complex of the chart if as the following 
complex of G-Oy-modules: 

(2) (J/j2 VLpis^Oy). 

The two nontrivial terms of lie in degree —1 and 0. Note that there is a natural augmentation 
— » Vty/s which identifies ^y/s with H^{C^). 

Remark 1.3 (i) If Y/S is of finite type, then we may take P/S to be smooth. In this case, 
£° = ilp/s <8> Oy is a locally free Oy-module of finite rank. 

(ii) If, moreover, Y ^ S in a local complete intersection (in the sense of [2], VIII. 1.1) then the 
embedding (p is regular. Recall that this means the following. For every point y € U the 
stalk Ty is an ideal generated by a regular sequence of the local ring Op^y. It follows that 
C^^ = XjJ} is a locally free Oy-module of finite rank, too. 

Let (J/, P, ^p) and (F, Q, ^/;) be two local charts, and assume that V dU . K morphism from ip 
to is a G-equivariant morphism of 5-schemes u: Q ^ P such that the diagram 

V Q 



U — ^ P 

commutes. We use the notation u : tf) ^ ^p. Note that u induces a morphism of complexes of 

G-Cy-modules 

u* : jC^\v — ^ ^tp- 

Lemma 1.4 (i) The homotopy class of u* is independent of the morphism u. 

(ii) The morphism u* is a quasi-isomorphism. 

Proof: It is no restriction to assume that U = V. We may also assume that U is afiine. Let P' 
denote the second infinitesimal neighborhood of U in P, i.e. the closed subscheme of P defined by 
the sheaf of ideals 2^. Similarly, Q' denotes the second infinitesimal neighborhood of 1" in Q. It 
is defined by J"^, where J C Oq is the sheaf of ideals defining the image of ip. Let v : Q ^ P he 
another morphism of local charts, and set u' := u\q' and v' := v\q'. It is clear that u* (resp. v*) 
only depends on the restriction u' (resp. on v'). An easy computation shows that the diff'erence of 
the two pullback maps 

{u'r - ivy : Op j/j^ 

is an ii- linear derivation. Hence it gives rise to an Oy-linear map s : (g) Oy J/J"^, and one 
checks that s is the desired homotopy between u* and v* : 



J/J 




Q/s 



•Oy 



This proves (i). 



4 



By assumption Q — > 5 is formally smooth and U is affine. Hence there exists a morphism 
w' : P' ^ Q lifting tl) lY ^ Q. As in the proof of (i), one shows that there are homotopies 



This proves (ii). 



□ 



1.3 We are now ready to define the equivariant cotangent complex. By Assumption 1.1 there 
exists a covering {Ui)i^i of Y by affine and G-stable opens Ui C Y, each admitting a local chart 

: Ui ^ Pi. We choose, once and for all, a well-ordering on the set of indices of the covering 
{Ui). The datum {Ui, ipi) is called an atlas. 

For any (n + l)-tuple i= {io,. . . ,in) we set 



Pi '• — Pin ^ 



V>i~'Pio X ■■■ X fin ■ Ui ^ Pi. 



Clearly, (pi is a local chart and gives rise to a complex of G-Otfi -modules Wc denote by 

£i_ the push-forward of to Y. Thus, is a flat and quasi-coherent G-Oy-module such that 

For i = {io,. . . ,in) as above and < v < n, let Pi : P| — > Pj/ denote the projection which 

leaves out the z^th component (i.e. i' = {io, . . . ,i„, . . . ,in))', it is a morphism ipi ipi' of local 
charts. The resulting morphism {Pi)* : Cp., \ui ^-ipi extends in a canonical way to a morphism 
of G-Oy-modules : Ci' — > Ci. Note that 



(3) qod^ = d^odf' 

holds for fi < u, if we set i' :={... , iv, ■ • •) and i" := (. . . , i^, . . 



•)• 



Definition 1.5 The equivariant cotangent complex of the morphism Y ^ S (relative to the open 
covering (f/-) and the local charts ipi) is the total complex 

Cy/s ■■= Tot(X;) 
of the following double complex of G-Oy-^odules: 

n Cr^ ^ 



i<j<k 



i<j<k 



The vertical differentials are defined as d := ELo(-l)T[i of : /C^'? /Cp+^'«. The horizontal 
differentials are induced from the differentials of the complexes Ci. The columns of K, start with 
degree 0, so Cy/s starts with degree —1. Note that Cy/s consists of flat and quasi-coherent sheaves. 
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Proposition 1.6 For all i there exist a quasi-isomorphism f3i : Cy/slui ~* ^<pi- Moreover, for all 
i < j we have a homotopy 

which satisfies the cocyclcs relation 

(4) 9"j,fe ° sj.k - dlj^k ° st,k + <9fj- fe o = 0. 

Proof: The natural projections A^°''|c/i i^l induce a morphism (ii : Cy/sWi — ^>pi- We 
define the homotopy Si^j as follows: 

. / i'^y/sf AT/ 1 . / {i^Y/sf c^l, 

[ {fk',gk,i) I — > gi,j [ {fk,i; gk,i,m) ' — > fi,j 

We leave it to the reader to check that Sij is indeed a homotopy from djj o /3j to df j o (3j and 
satisfies the cocycle relation (4). 

It remains to show that j3i is a quasi-isomorphism. Let i,j be a pair of indices. By definition 
and by Lemma 1.4 (ii) the restriction oi^^ .j : Cj £ij to Uij is a quasi-isomorphism. Therefore, 
for g = —1, we may define 

<j ■■= H^idl.r'oH'^idl^): H'^{Ci)\u,,^H'^{C^)\u.,y 
One checks that the cocycle relation cc^^ o a^^^ = '^Ik holds. Therefore, there exists a G-Oy- 
module T' together with isomorphisms 7? : T'i\ui H'^i^i) such that afj = l] ° 
is a bit tedious but elementary to define, for each (n + l)-tuple i = {io, - ■ ■ ,in) an isomorphism 
jI : T'^lij. —> H'^[Ci) which identifies the complex 

(5) H\1C) = (n^'(A) J{H\C,,,) ^ ...) 

i i<j 

with the Cech-resolution of the sheaf T^. We conclude that the complex (5) is exact. Now the 
spectral sequence Hp{Hi{K)) Hp+i{Cy/s) identifies T« with Hi{Cy/s) in such a way that 7? 
is identified with H'i{0i). In particular, H'i{Pi) is an isomorphism, which is what we wanted to 
show. □ 



Remark 1.7 Let {Ui, ipi) and (t//, (p^) be two atlases and Cy/s and jCy/g the corresponding com- 
plexes, as defined above. Then the disjoint union of {Ui, ipi) and {Ul, (p-) is again an atlas and 
gives rise to a third complex C'-^ig, canonically equipped with quasi-isomorphisms -Cy/g ^y/s 
and C-Yig — > ^'y/s- I^ other words: the cotangent complex Cy/si considered as an object of the 
derived category D^iY, G), does not depend on the choice of the atlas {Ui, ifi). 

Remark 1.8 By definition we have H^{Cy/s) = ^y/s and H'^{Cy/s) = for q ^ { — 1,0}. It is 
also clear that £y/s has functorial properties similar to the sheaf of difi^erentials ily/s- Namely, if 

Y' " ) Y 

(6) I 

S' = SpecR' > S = SpecR 

is a commutative and G-eqiuvariant diagram of schemes (where ¥/ S and Y'/S' satisfy Assumption 
1.1), then we have a natural homomorphism 

(7) U*Cy/S >■ ^Y'/S' 

in S)+(y, G). The morphism (7) is an isomorphism in each of the following two cases: 
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(i) We have S = S' and Y' is an open immersion. 

(ii) The diagram (6) is Cartesian and either F — > 5 or S" ^ S is flat. 

Remark 1.9 If F ^ 5 is a local complete intersection, then Cy/s agrees with Illusie's equivariant 
cotangent complex, up to canonical quasi-isomorphism. In general, Cy/s is quasi-isomorphic to 
Illusie's equivariant cotangent complex, truncated at degree —1. In particular, if is a G-Oy- 
module then the nth hyperext group MxtQ{jCy/s,J^) is the 'correct' one only for n < 1. See [12], 
Chapitre III, Corollaire 1.2.9.1. 

2 Extensions 

In this section wc prove that G-equivariant extensions of the morphism 1" — > S* by a quasi-coherent 
G-Cy -module are classified by the group ExtQ(£y/5, JF). Sec Corollary 2.3. This result will be 
the basis for the results on equivariant deformations of F ^ 5 in §3. Actually, instead of working 
with extensions of the scheme Y, we prefer to work with the opposite category of extensions of the 
sheaf Oy. 

2.1 Let G ^ S = SpecR and F — > 5 be as in §1.1. We also fix a G-Oy-module which is a 
quasi-coherent 0y-module. 

Definition 2.1 An equivariant extension of Oy by T is given by a short exact sequence of sheaves 
of J?-modules on F, of the form 

^ ^ T — ^ £ — ^Oy^O, 
together with a G-action and a structure of sheaf of ii-algebras on £ such that the following holds: 

(i) The maps T ^ £ and £ Oy are G-equivariant. 

(ii) The map £ Oy is an i?-algebra morphism. 

(iii) The sheaf considered as a subsheaf oi£, is a sheaf of ideals with square zero. Moreover, 
the induced structure of sheaf of Oy-modules is the canonical one. 

We denote by €yt(3(Oy,.F) the category of all such extensions. Morphisms between extensions are 
defined in the obvious manner. (The Five Lemma shows that all morphisms are in fact isomor- 
phisms.) 

Given an extension £ of Oy by J- ^ we get a morphism of 5-schemes F' — > F (which is a 
homeomorphism on the underlying topological spaces) such that £ = Oy. The scheme F' is 
called an extension of F by T . 

By taking Bacr sums of short exact sequences, one defines a bihmctor {£i,£-2) hh. £i ^ £2. 
Together with certain natural transformations {£\ +£2) +^3 — ^^i + (^^2 +^^3) and £\^£2 ^ £2+£i, 
it gives ^^iQ{Oy,J^) the structure of a (strictly commutative) Picard category, see Appendix A. 

Theorem 2.2 Let T be a coherent sheaf of G-Oy -modules. We denote by ^^ic{KRomG{£y/s, J-)) 
the Picard category associated to the derived complex RHomg (£y/5, .F), see Appendix A.l and 
C.3. Then there exists a natural isomorphism of Picard categories 

(£.TiG{Oy,J') ^ Pc(MHomG(£F/s,:^)). 

We will sketch a proof of Theorem 2.2 in the rest of this section. The following corollary 
corresponds to Theorem 1.5.1 of [13]. It follows from Theorem 2.2, using Proposition A. 2. 
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Corollary 2.3 The group of isomorphism classes of equivariant extensions ofY by T is canonically 

isomorphic to KxtQ{CY/s,^)- Moreover, the group of automorphisms of any fixed equivariant 
extension ofY by J- is canonically isomorphic to liom.c{i^Y/Sj 

2.2 In the following three subsections we prove a non-equivariant version of Theorem 2.2. To 
this end, we denote by <B^i{OY,^) the Picard category of (non-equivariant) extensions of Oy by 

Proposition 2.4 Suppose that Y is afRne and admits a global chart (fi lY P. Let be the 
cotangent complex of (p, see §1.2. Then there exists an isomorphism of Picard categories 

F^: €yt(Oy,.F) Pc(RHoniy (Z:^, .F)). 

Given a morphism u : ^ (p of global charts, let u : ^ic(RHomy JT)) = *pic(]RHoniy T)) 
denote the isomorphism of Picard categories induced from the quasi- isomorphism u* : L^p . 
There exists an isomorphism of additive functors 

tu ■■ uo ^ F^ 

such that the following holds. If x V' f the composition of two morphisms of global 
charts, then 

(8) tuov = tuO U{ty). 

Proof: Using that Y is afHne and that P/S is formally smooth one shows that £° = Qp/g^Oy 
is a projective Oi'-module. This implies that 

IRHomr(/:,^,J^)'°'^l ^ Hom^(£^,Jc-)[°'i]. 

Therefore, we may replace KHomy (dp , !F) in the statement of the proposition by the complex 
Homy(£>'/S, .F). We write Y = SpecA and P = SpecB. Then (p corresponds to an ideal I <\ B 

such that A = B/I. We also write F" = M for some ^-module M. With this notation, we have 
Hom^(£^,jP) = (HomA(l^i3/R® A,M) ^ Hom^ (///', M) ). 

An object of €j;t(0y , is given by an extension of i?- modules Q^M^E^A^Q, where 
E carries in addition the structure of an it!-algebra such that the following holds. Firstly, E ^ A 
is a homomorphism of i?-algebras; secondly, = 0, considered as ideal of E. In the rest of the 
proof, we shall refer to such an object simply as an extension. Since B is formally smooth, there 
exists a homomorphism of i?-algebras X : B ^ E lifting the canonical map B ^ A. Set v := A|/ 
mod P. It is clear that u is an A-linear morphism I/P — > M. We consider v as an object of 
^ic(Hom^(£y,.F)) and set 

Fp{E) i^. 

Let 0— >M^£"— >^^Obe another extension and f : E ^ E' an isomorphism of extensions. 
Let X' : B ^ E' he an i?-algebra morphism lifting B ^ A and set u' := X'\i mod P. Then the 
map A' — / o A : J5 ^ Af is easily seen to be an i?-linear derivation which vanishes on I^. It 
corresponds to an A-linear homomorphism 9 : VLb/r ® A M such that 9 o d = v' — v. In other 
words, ^ is a homomorphism u ^ u' m *pic(Hom^(£<^, F")). We set 

FM) = 0. 

One checks that Fu, is a faithful additive functor. 
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Given an arbitrary A-linear map v : I/P M, we define the extension Ei, as the pushout of 
B/P along u: 



(9) 







M 



B/P 







It is easy to see that Ei, carries a unique i?-algebra structure such that = and A is an 
i?- algebra morphism. Moreover, we have F^{E^) = v hy construction. Hence is essentially 
surjective. 

Let 9 : v v' he an isomorphism in ^ic(Homy ^)). This means that v' : I/P — » M 
and 9 : i^B/R A —>■ M are ^-linear maps such that 9 o d = v' — v. We may identify 9 with 
the corresponding derivation B / P M: then 0\j/j2 = v' — v. The universal property of the 
push- forward shows that there exists a unique i?-linear map f : E^ ^ E^> such that / o A = A'. 
By construction we have F^{f) = 9. Hence F^ is fully faithful and even an isomorphism of Picard 
categories. 

Now let tp : Y ^ Q he another global chart and u : ip ^ (p a morphism of charts. We write 
Q = Specs', A = B'/V and consider u as a morphism of i?-algebras B ^ B' . Let E he an 
extension and A : B/P - ^ ^' ■ ^"^'"^ . t?\ ^ n i t2 ^ a „f m iti"^ 

definition we have 



E (resp. A' : B'/I'^ ^ E) a lift of B/P A (resp. of B'/I'^ A). By 



F^{E) = X\i (mod/2), uoF^{E) = X'ou\i {mod P). 

Again it is clear that A — A' o u (mod P) is a derivation B/P ^ Af, corresponding to an A- linear 
map 9 : Qq/h^ A M and representing a homomorphism u o F^[E) F^{E). We set 

tu{E) = 9. 

A formal verification shows that t„ is a morphism of additive functors uo F^ = F^ and that (8) 
holds. □ 



2.3 Let ^ii{OY,J^) denote the F-stack whose fiber over a given open subset U d Y \s the 
Picard category ^ii{Oij , T\u) (here F-stack means a stack over the Zariski site of Y). It is clear 
that €j:t(Ov', J^) is a Picard stack, see Appendix A. 2. 

Proposition 2.5 We assume that Y is afEne and admits a global chart ip -.Y ^ P. 

(i) Let U CY be an afEne open. Then the natural functor 

(10) ^xc{WHomu{C^\u,:F\u)) Pc(RWomy(£^,.F))(?7) 

is an isomorphism. 

(ii) There exists a unique isomorphism of Picard stacks 

F^: €^(Oy,J=') ^ ^ic{RnomY{C^,T)) 

such that for each afEne open U C Y the restriction of F_^ to the Eber <B^i{OY,J^){U) = 
(£.'fi{U,J^\u) is equal (up to canonical isomorphism) to the composition of F^^^ with (10). 

Proof: Part (i) follows from Proposition A. 2 and the fact that the cohomology of the complex 
RHoTTiY {jOip , J^) consists of quasi-coherent sheaves. Part (ii) is a formal consequence of (i) and is 
left to the reader. □ 
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2.4 We will now globalize the isomorphism of Picard stacks constructed in the previous two 

subsections. To this end. wc will use the notation introduced in §1.3. In particular, {Ui)ii=i is a 
covering of Y by affine opens, admitting local charts ipi : Ui '-^ Pi. By Proposition 1.6 we obtain, 
for each ordered pair i < j, an essentially commutative square of quasi-isomorphisms 

^Y/s\Ui,j ^filUij 

(11) 

i.e. a homotopy Sij : djj o /3j 9°^ o f3j such that the cocycle relation (4) holds. Set 
^ := ^ic{m.nomY{CY/s,^)), = Pc(RHomy(£y,,.f )). 

The diagram (11) yields an essentially commutative square of isomorphisms of Picard stacks 

(12) 01, [ jft 

V\u,„ 

i.e. an isomorphism of additive functors Sij : f3i o djj ~ /?j o df j such that 

(13) 9lj^k{sj,k) o dfj^kisij) = dlj^kihk) 
for all triples i < j < k. 

Proposition 2.6 There exists an isomorphism of Picard stacks 

F : ^{Oy,J^) ^ ^ = ^{RnomviCY/s, ^)) 

and for each index i an isomorphism of additive functors Ui : F\ u, = Pi o F_^^ . 

Proof: Let i < j- By Proposition 2.4 we obtain two natural isomorphisms of additive functors 

Using the essentially commutative square (12) they can be extended to an isomorphism 

Uij : 0j o F^. Ic;. , ^ o dfj o F^,. ^ Pi o dlj o F^. . ^ Pi o F^, |[,. . . 

A tedious but elementary verification, using (8) and (13), shows that Uij satisfies the obvious 
cocycle relation. The proposition follows. □ 

Using the canonical isomorphism 

RBomY (jCy/s,^)) = Mr(F,MWomr(£y/s, JF)) 
and Proposition A. 2, we obtain a non-equivariant version of Theorem 2.2: 

Corollary 2.7 There is a natural isomorphism of Picard categories 

F: €j;t(Oy,^) ^ Pc(RHomy(£y/5,.F)). 
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2.5 We are now going to prove Theorem 2.2 in full generality. In the sequel, R' will always 
denote a Rat i?-algcbra, and a prime stands for base change with respect to i? ^ R'\ for instance 
Y' •.= Y R' . By Remark 1.8 we have natural isomorphisms 

(14) Cy/S®rR' = ^Y'/S'- 

and 

(15) MHomy(£y/s,.F) ^ RHouiyijCY'/s',^')- 
To simpliiy the notation, we will henceforth write 

A := MHomr(£r/s,^)'°'^'- 

Note that ^ is a complex of G-i?-modules of amplitude [0, 1], well defined up to canonical isomor- 
phism in p["'il(y,G). 

Let R' be a flat iJ-algobra and a G G{R'). The automorphism A' ^ A', a i— > a'^ induces an 
isomorphism of Picard categories a : ^xc{A') ^ *|3ic(A'). Given an extension ^ .F' — > 5' — > 
Oy' (i.e. an object of (Efi{OY' ,^)), let S'^ be the extension 







t*Oy' = Oy' 







Here the isomorphisms J^' = a*T and a*OY' — Oy' come from the G-action on and Oy- Given 

an isomorphism f : £i ^ £2 oi extensions, then f"', as defined in §C.l, is an isomorphism £f — > £2- 
One checks that the association £ 1—* £'^ is an automorphism of Picard categories 



a: €T:t{OY',r) 



£yt(Oy,,^')- 



One checks: 



Lemma 2.8 We have an essentially commutative diagram 

F' 



q3ic(A') 



<Ptc(A') 



F' 



eyt(Oys^) 



^^i{OY',:F) 



(the isomorphism F' is given by Corollary 2.7). 

It follows from Proposition B.2 that 
(16) MHomG(£r/s,^)'°''' = Tot{Kf'^\ 

where K is the double complex 



K : <^ 



A° 



C^{G,A°) 

C^{G,A°) 
a 



A^ 

C\G,A^) 
C^{G,A') 
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We are now going to construct an isomorphism of Picard categories 



(17) F^': e;ytG(Oy,^) ^ *Pic(Tot(K)). 

Together with (16), this will complete the proof of Theorem 2.2. 

An object of (£j:t(5(C'y, J^) is an object £ of (£j:t(Oy,^), together with an action of G on f 
such that the maps T ^ £■ and £ Oy are G-equi variant. Such an action is determined by the 
following data. For each flat i?-algebra R! and group element a we get an isomorphism f„ : £' ^ £" 
in ^ii{OY,J^) such that 

(18) far = /; ° /x 

holds for all pairs cr, t G G{R'). Let F be the isomorphism of Corollary 2.7 and set v := F{£) £ A^, 
6a- '■— F{fcr) G {A'^y. By Lemma 2.8, 6cr is an isomorphism v' ^ v" , i.e. 

(19) ^(6*^) = v" - v'. 
Equation (18) shows that 

In other words, the association a ^ 9„ corresponds to a 1-cocycle 9, i.e. an clement of Z'^{G, A^) = 

Ker(Ci(G,AO) ^ C^iCA"^)), see §B.3. Also, Equation (19) means that d{e) = d{i^). We have 
shown that the pair {v, 6) lies in Z^{Tot{K)), i.e. represents an object of ^ic(Tot(ii')). We set 

F^{£) := {v,e). 

Now let : fi ^ £"2 be an isomorphism in (tiiQ{Y,J^). Set F^{£i) := {vi,0i), F^{£2) := 
{v2,&2) and T} := F{g). Then d{ri) = f 2 — vi- By definition, g is G-equivariant, so the diagram 



CI 3 CI 



/: 



1,<T 



ca 3 ccr 

commutes for all a G G{R'). By Lemma 2.8 this means that 
(20) ^2,.-^!,. = V'-ri', 

or, equivalently, O2 — O1 = d(r]). It follows that r] corresponds to an isomorphism (i^i, 6*1) ^ (^2, ^2) 
in <pic(Tot(i^)). We set 

F^ig) := ,7. 

Wc leave it to the reader to check that F*^ is indeed an isomorphism of Picard categories. Now 
the proof of Theorem 2.2 is complete. □ 



3 Deformations 

In this section we show how one can classify equivariant deformations of y ^ 5 along an infinites- 
imal extension S ^ S', using the equivariant cotangent complex. The main result is Theorem 3.3. 
In §3.3 we discuss how this result behaves under localization to a formal neighborhood of a point 
(Theorem 3.11). 
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3.1 Let R' be a commutative ring and a < R' an ideal with = 0. We set R := iJ'/o, 

S' := Spec R' and S := Spec i?. Furthermore, let G' S' he a flat affine group scheme and Y S 
a flat morphism together with an S-linear action oi G := G' Xs' S onY. 

Definition 3.1 An cquivariant deformation of Y ^ S to S' is a flat morphism Y' S' together 
with an 5'-linear action of G' on Y' and a G-equivariant isomorphism of 5-schemes Y = Y' Xs' S. 
An isomorphism of deformations is a G'-equivariant isomorphism of S"-schemes Y{ = Y2 which 
induces the identity on Y. 

Theorem 3.3 below shows how to classify isomorphism classes of cquivariant deformations of 
Y ^ S using the cquivariant cotangent complex Cy/s- However, in the proof of Theorem 3.3 we 
will also use the cotangent complex of the composed morphism Y ^ S ^ S'. Therefore, to be 
able to use the definition of Cy/s' in §1; we make the following assumption. 

Assumption 3.2 Every point of Y is contained in an afBne and G-stable open U CY such that 

the following holds. There exists a smooth affine S"-scheme P' S' , an S"-lincar action of G' on 
P' and a G-equivariant closed immersion ip : U P' . In other words. Assumption 1.1 holds for 
the composed morphism F — > 5' and the group scheme G'. 

Under this assumption we can prove: 
Theorem 3.3 (i) There exists an clement (called the obstruction) 

ij = u;{Y/S,S') G E^tl{£y/s,Oy)^Ra, 

depending functorially on Y ^ S ^ S' , whose vanishing is necessary and sufEcient for the 

existence of an cquivariant deformation ofY^S to S' . 

(ii) Suppose that w = 0. Then the set of isomorphism classes of deformations ofY^StoS' is, 
in a natural way, a principal homogeneous space under the abelian group 

Ext^ai^y/S,Oy) Ofltt. 

This corresponds to Proposition 2.3 of [13]. However, if y ^ 5 is not a local complete intersec- 
tion, then our definition of Cy/s does not always give the same hyperext group ¥,xtQ{Cy/s, Oy) 
as in [12] and [13]. In particular, our obstruction does not necessarily agree with the obstruction 
constructed in [12] and [13], simply because it does not lie in the same group. See also Remark 3.6 
below. 

3.2 Proof of Theorem 3.3 Let := Oy a. Since F — > S* is flat we have natural isomor- 
phisms 

(21) Extl{£y/s,T) ^ Ext^(/:y/s,Oy)®fia 

for all n. By Assumption 3.2 and Definition 1.5, the cquivariant cotangent complexes Cy/s and 
Cy/s' are defined as complexes of G-Oy-modules and we have a natural G-equivariant morphism 
Cy/s' Cy/s- 

Lemma 3.4 There is a natural exact sequence in D~^{Y, G) 

(22) Cy/S' Cy/s 0. 

More precisely, the natural morphism Cy/s' — > Cy/s is surjective in all degrees, and there exists 
a G-equivariant quasi-isomorphism J^[l] KeT{Cy/s' Cy/s)- (Recall that J^[l] denotes the 
complex where T is placed in degree 
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Proof: Let ip' : U ^ P' he a. local chart for the morphism Y ^ S' and I' C Opi the 

corresponding sheaf of ideals. Then if' gives rise to a local chart (p : U ^ P := P x gi S for the 
morphism Y ^ S. The corresponding sheaf of ideals is 1 := X' jF . It is clear that rip//s' ® Oy — 
Oy- Moreover, we have a short exact sequence 

(23) — > T — > I'/I'^ — > I/I^ — > 0. 

Hence it follows from Definition 1.5 that Cy/s' ^ J~-y/s is surjective in all degrees and that its 
kernel is isomorphic to the Cech-resolution of JF[1] (with respect to the open covering ([/,) used to 
define Cy/s)- This proves the lemma. □ 

Let ^ be a G-Oy-module. The short exact sequence (22) gives rise to the following long exact 
sequence 

(24) ^ Ext^(£r/s,a) Exth{Cy/s',g) BomG{J',g) Ext|(£y/s, a). 

This applies in particular to the ease Q := T. We define the obstruction uj := oj{Y/S, S") as the 
image of the identity map Id : J- ^ J- under the boundary map d in (24). Now Theorem 3.3 
follows from Corollary 2.3, the exactness of (24) and the following proposition. 

Proposition 3.5 There is a natural bijection between 

(a) deformations ofY^StoS',up to isomorphism, and 

(b) elements of Ext q {Cy/s which are mapped to Id^ (by the middle arrow in (24)j. 

Proof: Let Q be a quasi-coherent G-Oi'-module. By Corollary 2.3, an element oiExtQ{Cy/s',g) 
corresponds to an equivariant extensions of F by ^, i.e. a closed equivariant embedding 1" F' of 
6"-schemes defined by an ideal J' C Oy , together with an isomorphism ^ = ^ of G-Oy-modules. 
We obtain a morphism of G-Oy-modu\es 

(25) J' = Oy^Ra J^g. 

By reexamination of the proof of Theorem 2.2 one shows that the middle arrow of the sequence 
(24) maps the element of ExtQ(£y/(j/ , Q) corresponding to the extension Y' to the morphism (25). 
Also, the local criterion of flatness (see [15], Theorem 49) shows that the morphism Y' S' is flat 
if and only if (25) is an isomorphism. 

The proposition follows easily from these arguments. First, an equivariant extension of Y by 
for which (25) is the identity on gives rise to an equivariant deformation of F 5 to S'. 
Conversely, let Y' S' be an equivariant deformation ofY ^ S, and let J C Oy be the sheaf of 
ideals corresponding to the embedding Y ^ Y' . Sinc:e Y' S' is flat by assumption, the natural 
map —^ is an isomorphism. Using this isomorphism, we can see Y' as an equivariant extension 
of y by ^ for which (25) is the identity on J^. This concludes the proof of the proposition and 
hence of Theorem 3.3. □ 

Remark 3.6 The short exact sequence of Lemma 3.4 should be compared with the transitivity 
triangle attached to the composition of morphisms F — > 5 5' in [12]: 

C^ 

'-Y/S 



(26) / \ 

^S/S' ' ^Y/S' 

Here Cy/g denotes the cotangent complex in the sense of lUusie. 
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Now suppose that F — > 5 is a local complete intersection. Then Cyis — ^y/s- have 
natural morphisms jCy^g, Cy/s' and Cyg, (Ei Oy but they are quasi-isomorphisms only 

if S* ^ S" is a local complete intersection (which is typically not the case). Nevertheless, one can 
show that the obstruction uj in Theorem 3.3 is the same as the obstruction obtained by lUusie's 
theory (via the canonical isomorphism ¥,xt%{jCY/s, ^y) — IExt|.(£y^g, Oy)). 

3.3 Localization Keeping the notation introduced before, we now impose the following finite- 
ness conditions. 



Assumption 3.7 (i) The affinc scheme 5* = Speci? is local, Artinian and Noetherian. 

(ii) The group scliemc G is finite and flat over S. 

(iii) The scheme Y is either of finite type over S or the localization of something of finite type 
over S. 

It follows from Part (i) and (iii) of the assumption that Y is Noetherian. 

By Assumption 1.1 the action of G on F is admissible; hence the quotient scheme X := Y/G 
exists. It follows from Assumption 3.7 (ii) that the projection ir : Y ^ X is finite. Let x € X 
be a point. Let X = SpecOjc^^ denote the completion of A at x and set Y := Y Xx X. Since 
TT : F ^ A is finite, Y is naturally isomorphic to the completion of Y along the fiber ■jt~^{x). The 
action of G on F induces an action of G on F. Since A ^ A is flat, we have F/G = A. 

Let u : Y Y denote the canonical map. By Remark 1.8 we have a canonical morphism of 
complexes of G-O^-modules 

(27) U*Cy/s > ^Y/s- 

A technical complication arises from the fact that (27) is in general not a quasi-isomorphism. 
However, the next proposition shows that this docs not really matter to us. 

Proposition 3.8 Let T he a, coherent sheaf of G-Oy -modules. There exists an isomorphism of 
Picard categories 

F^: e^tG{Oy,u*J') ^ ^ixc(mioinG{u*Cy/s,u*J^)) 
such that the following diagram commutes: 

(Sytc {Oy , T) > {Oy , u*T) 

(28) F 

Pc(MHomG(£r/s,.^)) > '^\c{WRomG{u* Cy/s,u*T)). 

Here the upper horizontal arrow is the functor which sends an extension Y' of Y hy T to the 
completion ofY' along the fiber tt"^ (x). The left vertical arrow is the isomorphism from Theorem 
2.2. The lower horizontal arrow is the natural puUback map. 

Proof: The construction of the equivalence is very similar to the construction of F in the 
proof of Theorem 2.2. An essential difference appears only in the first step, see §2.2. We will 
therefore assume for the rest of the proof that F is affine and that G = 1. 

Replacing F by its localization at any point y G Tr~^{x) we may assume that F = Specj4 is 
local. We have F = Spec A, where A is the completion of A. The coherent sheaf JF is given by 
a finite A-module M; the puUback u*J^ corresponds to the ^-module M := M 0^ A. Since M 
is a finite A-module, M is the m^-adic completion of M. By Assumption 3.7 (iii) we can write 
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A = B/I, where B is the localization of a polynomial ring over R and / < B is an ideal. By 
Assumption 3.7 (i) the ring B is Noethcrian and hence / is finitely generated. Moreover, A = B/L 
where B is the completion of B at its maximal ideal and / := IB. The ring S is a power series 
ring over R. In general, B is not formally smooth over R but only ms-smooth (see [16]; note that 

'formal smoothness' is called '0-smoothncss' in loc.cit.). 

The complex u* Cy/s corresponds to the complex of >l-modules 

L := (J//2 nB/R®BA). 

The canonical map ^b/r ®b A^ ^b/r ®b ^ is injective but in general not surjective. However, 
/R® A is mapped isomorphically onto O^"* (g) A, where 

denotes the module of continuous differentials. Since /r® A is a free A-module, we have 

(29) IRHomy(u*£y/s,u*:P")[°'^l = (Hom^(OB/jj i, M) — > llom^{I/P,M)). 

An object of the Picard category (£j:t(C)^, u*J^) is given by an extension M ^ £ — > A of ii-modules, 
with = 0. In what follows we will refer to such an object simply as an extension. 

Lemma 3.9 Let M ^ E ^ A be an extension and let ms < E denote the inverse image of the 
maximal ideal of A. 

(i) The ring E is complete with respect to the ideal ms- 

(ii) There exists a continuous lift X : B ^ E of the canonical map B ^ A. 
Proof: Look at the following ladder with exact rows: 

0-> M — > E — >i-*0 

(30) i i i 

limM/(m|nM) -> lim£;/m| limi/m" 0. 

The vertical arrow on the right is an isomorphism by definition. An argument similar to the one 
used in the proof of the Artin-Rees Lemma (see [16], Theorem 8.5) shows that there exists a 
constant c > such that 

m%nM c my-M 

^ A 

for all n > c (here wc use that A and hence A is Noethcrian). Therefore, the vertical arrow in 
(30) on the left is an isomorphism. Now the Five-Lemma implies that the vertical arrow in the 
middle is an isomorphism, too. This proves (i). Part (ii) of the lemma follows from Part (i) and 
the m_B-smoothness of B. □ 

Using this lemma, the construction of the equivalence is essentially the same as in the proof 
of Proposition 2.5. It is also clear from this construction that the diagram (28) commutes. There 
are two points one has to pay attention to. The first is to consider only continuous lifts X : B ^ E. 
The second is this: if E' is another extension, X' : B ^ E' a lift and f : E ^ E' an isomorphism 
of extensions, then A' — / oA:B— >Misa continuous ii-linear derivation which vanishes on P; it 
therefore corresponds to an A-linear map 6 : 0,b/r ® A ^ M. Moreover, any ii-linear derivation 
13 ^ M is automatically continuous because M is complete and hence separated with respect to 
the triA-adic topology. This completes the proof of the proposition. □ 
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Remark 3.10 The proposition is essentially equivalent with the statement that the homomor- 
phism 

Ext^(/:^/g,?i*J') — > ^yitl.{u*Cyfg,v*T) 

induced by (27) is an isomorphism for n = 0, 1. I suspect that this is true for n > 1 as well, but I 
don't know how to prove this. 

For n > we write Ext^i^Ly js^J^Xc tl^^ Ox.K-module £xt'^{£-Y/s^^)x ® Ox,x- It follows 
from flatness X ^ X that 

8xtl{CY,s.n2 - ^^tl{u*CY/s,u*T). 
The local-global spectral sequence from §C.4 gives rise to a localization map 

Ext^(£y/s,:P) £xtl{CY/s,m 

Theorem 3.11 Let S ^ S' = Spec J?' be a small extension, with R = R'/a. Let u) be the 
obstruction for lifting Y to S'. Also, let Wx denote the image ofu under the localization map 

Ext^(£y/s,Or)0o — > £xt%{CY/s,OY)x^a. 

(i) There exists an equivariant deformation ofY to S' if and only if oj^ = 0. 

(ii) If cOx = then the set of isomorphism classes of deformations of Y to S' is a principal 
homogeneous space under the group £xt}j{CY/s^ ^y)^® 

(iii) If a; = then the action of Ext^(£y/5, J^) on the set of isomorphism classes of deformations 
ofY to S' is compatible with the action of £xt^Q{CY/s-, ^y)'2®^ on deformations ofY, with 
respect to the localization map 

ExtJ;(£y^/s,Or)0o — > £xtl;{CY/s,OY)x^a. 

Proof: This is proved in the same way as Theorem 3.3, except that the exact sequence (24) is 
replaced by the sequence 

(31) £xtQ{CY/s,^)x £xtl;{CY/s',^)7 'HomG{J^,J')x ^ £xtl;{CY/s,^)7 

and we use Proposition 3.8 in addition to Theorem 2.2. The compatibility statement (iii) follows 
from the commutativity of the diagram (28) and the fact that the localization maps define a 
homomorphism between the exact sequences (24) and (31). □ 

4 Multiplicative deformation data 

Let X be a smooth projective curve, defined over an algebraically closed field k of characteristic 
p > 0. A multiplicative deformation datum over X is a pair {Z,V), where Z — » X is a Galois 
cover, with Galois group H of order prime to p, and an i?-stable Fp-vector space V of logarithmic 
differential forms on Z. In §4.1, we associate to the pair {Z, V) a singular curve Y together with 
an action of a finite group scheme G such that X = Y/G. Essentially, G is a semi-direct product 
x: (where s := dimp^ V) and F — > Z is generically a /ip-torsor determined by a basis . . . , (jig 
oiV. 

As an application of the general theory developed in the previous sections, we study equivariant 
deformations of Y. Even though the cover Y ^ X is inseparable, its deformation theory is in some 
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sense similar to the deformation theory of a tame cover. For instance, we get a morphism of 
deformation functors 

Dcf (y,G) — > Bof{X;Tj), 

see §4.2 for a precise definition. In §4.3 we give a criterion when this morphism is an isomorphism. 
The reason for this relatively nice behavior of Def (Y, G) is that the 'p-Sylow subgroup' of G is 

a multiplicative group scheme, whose cohomology is trivial. Thus, all the contribution to the 
hyperext groups ExtQ(£y/fe, Oy) comes from the cohomology of a certain coherent sheaf on X, 
and there is no group cohomology involved. 

4.1 The G-cover associated to a deformation datum Fix an algebraically closed field k 
of characteristic p > and a smooth A;-curve X. Let H he a, finite group of prime-to-p order and 
X a character of H with values in Fp. 

Definition 4.1 A (multiplicative) deformation datum on X of type {H, x) is a pair {Z, V), where 

• TT : Z — > X is a finite, tamely ramified Galois cover with Galois group H, and 

• V C ^k{z)/k is an i?-stable and finite dimensional Fp-vector space consisting of logarithmic 
differential forms on Z. Let Vk denote the fc-linear hull of V in flk(z)/k- We demand that 
dimfe Vk = dimjTp V and that H acts on V with character x- 

Recall that a differential form (t> E ^k(z)/k is called logarithmic if it can be written as (j) = du/u 
for some rational fmiction u <E k{Z). 

If dimpp V = 1 then Definition 4.1 agrees with Definition 1.5 of [26]. In this paper we shall only 
consider multiplicative deformation data (as opposed to additive deformation data), so we omit 
from now on the adjective 'multiplicative'. 

Let us fix a deformation datum (Z^V) of type (iJ, x). For the moment, we will consider V 
simply as a (right) Fp[if]-module. Let W{k) denote the ring of Witt vectors over k and W(fc)[y] 
the group ring of V over W{k) (here we consider V as an abelian group). Then 

Go := Spec W{k)[V] 

is a finite fiat and commutative group scheme over W{k). In fact. Go represents the group functor 
(on the category of W^(fc)-algebras) 

R 1 — y Go(i?) =Homg,(F,ii^). 

Groups schemes of this form are called diagonalizable in [9], Expose I. We shall write ( = {C,p)<pev 
for an element of Go (i?). Here S R^ such that C^i C02 =C0i+<^>2- In particular, = 1. Therefore, 
the choice of an Fp-basis of V gives rise to an isomorphism Go — fip, where n = dim^^ V. 

An element jS G H induces an automorphism Go Go of group schemes which sends ^ = 
{C<t>)<l>ev G GoiR) to 

m ■■= i4>^Cf3'4>) eGo(i?). 

This gives an action of H on Go from the left. We define the group scheme G as the semidirect 
product Go X H; it represents the group functor 

R I — > G(R) := Go(i?) x H. 

The multiplication on the right hand is determined by the rule 

(Ci,/3i)-(C2./32) := {C,-f}i{Q,m. 
Note that the subgroup scheme Go C G is equal to the local part of G. 
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Let Rhe a, V1^(fc)-algebra and M a G--R-module. The induced action of Go on M is given by a 
map : M — > R[V] M. It gives rise to a V-grading, i.e. a direct sum decomposition 



:= {m G M \ fj,{m) = (f>iSim}. 



<l>ev 



One checks that a G'--R-module is the same as an i?-mo(hilc; together with a T^-grading and an 
i?-hnear action of H from the right such that = for all /3 S -ff and 4> £V. See also [9], 

Expose I. Using the assumption that the order of H is prime to p one shows: 

Lemma 4.2 Let R be a W {k)-algebra and M a G-R-module. Then 



Construction 4.3 Let {Z, V) be a deformation datum of type {H, x) over X. We shall construct 

a curve Y over k and a G-action on Y such that Z = Y/Gq and X = Y/G. The definition of Y and 
the G-action will depend, up to canonical isomorphism, only on the deformation datum {Z, V) but 
not on the choices we make during the construction. Therefore, it suffices to give the construction 
locally on X. Hence, we may assume that Z = Spec A is affinc. Let us also choose an Fp-basis 
(pi, . . . ,(j)s of y. Since is logarithmic, we have 4>i = dui/ui for some rational function Ui on Z. 
After shrinking Z and replacing (pi by a suitable Fp-multiple of itself, we may assume that lies 
in A and has at most simple zeros on Z. Set 



The A-algebra B has a unique V-grading such that Bq = A and yi G B^. . It gives rise to an action 
of Go on Y such that Z = Y/Gq. One checks that there is a unique way to extend the action of H 
on A to an action on B such that (}*B^ = B^^^j,. Whence an action of G on F such that Z = Y/Go 
and X = Y/G. This finishes the construction of Y. 

Definition 4.4 Let {Z, V) be a deformation datum of type {H, x), and let Y be the fc-curve with 
G-action from Construction 4.3. Let t G X he a. closed point and choose a point ^ £ Z above r. 
We say that r is 

(i) a tame branch point if it is a branch point of the tame cover Z ^ X, 

(ii) a wild branch point if there exists ^ gV such that ordj (j) = —1, 

(iii) a critical point if it is a branch point (tame or wild) or if 



Note that these conditions do not depend on the choice of ^ and that a branch point can be wild 
and tame at the same time. 

Notation 4.5 Let {Tj)j^B denote the set of critical points for {Z,V), indexed by the finite set 

B. Let Btamc (resp. i?wiid) denote the subset of B corresponding to the tame (resp. wild) branch 
points; set B,^^ := -Bjame U B^n^. We have a divisor on Z 




for n = 0, 
for n > 0. 



B := A[yi,...,ys | yf = Uj] 



Y := SpecB. 



min ( ordf (b) ^ 0. 
<l>ev ^ 
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We can write D as the difference of two disjoint effective divisors in a unique way: 

D = Do-Doo- 

Note that the image of D (resp. of £>cx>) on X has support in the set of critical points (resp. in the 
set of wild branch points). 

Remark 4.6 (i) The map F — » X is finite and flat. It is a G-torsor precisely outside the set of 
branch points. 

(ii) The curve Y is generically smooth over k if and only if dimp^ V = 1. If this is the case then 
the singular points of Y are precisely the points lying over a critical point which is not a wild 
branch point. 

4.2 Equivariant deformations of Y Let Cfc denote the category of local Artinian W{k)- 

algebras. A G-equivariant deformation of Y over 7? G £fc is a flat i?-schemc Yr together with an 
action of G and a G-equivariant isomorphism Y = Yn (g) k (compare with Deflnition 3.1). We are 
concerned with the deformation functor 

R I — > Bei{Y,G){R) 

which sends R € €k to the set of isomorphism classes of G-equivariant deformations of Y over R. 
The next lemma follows easily from Construction 4.3: 

Lemma 4.7 Let Yn be an equivariant deformation of Y over R. Furthermore, let R' ^ R he 
a small extension, i.e. R = R'/a for an ideal a<i R' such that a ■ m^/ = 0. Then the morphism 
Yr — > Speci?' satisfies Assumption 1.1. 

The lemma shows that the equivariant cotangent complex Cy/k is defined and that wc can 
apply Theorem 3.3 to classify the set of liftings of the deformation to R' . Let k[e] denote the 
ring of dual numbers. We call T^{Y, G) := Def {Y, G){k[e]) the tangent space of the deformation 
functor Def {Y, G). Theorem 3.3 says in particular that there is a canonical isomorphism 

(32) T\Y,G) ^ ExtJj(£^/fc,Oy). 

Moreover, Theorem 3.3 together with standard arguments (see e.g. [20] or [23]) implies: 

Theorem 4.8 Suppose that n := dim^ ExtQ(£y/j,, Oy) is finite (this holds, for instance, if X is 
projective). Then Y admits a versal deformation over a ring of the form 

i?u„.v = W{k)[[tu...,tn]]/{fl,...,fm). 

If, moreover, Ext%{Cy/i^,Oy) = then Def(Y, G) is formally smooth and we have R^^i^ = 
Wik)[[ti,...,tn]]. 

Let Yji be an equivariant deformation of Y over R. Then the quotient schemes Zji := Yr/G 
and Xr :— Yr/G are deformations of Z and X, respectively. Let Def (X;rj) denote the functor 
which classifies deformations of the marked curve {X;Tj \ j G B^^^), i.e. deformations Xr of X 
together with sections tj^r : Spec R Xr lifting the points tj . 

We claim that the association Yr h- > Xr := Yr/G gives rise to a morphism of deformation 
functors 

(33) Def(Y,G) Def (X; r,- | j G S_). 
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To prove the claim we have to endow the curve Xr with sections Tj^r : Spec R — > Xn lifting the 
branch points Tj, for all j G -Bram- This is obvious for j G -Btamo: the G- action on Yr induces an 
action of H on Zr such that Xji = Zr/H and such that the map Zr — > Xr is a tame H-covei 
lifting Z ^ X. It follows that the branch locus of Zr — > Xr is the disjoint union of sections 
Tj,R : Speci? —i Xr lifting the tame branch points Tj (for j G i?tamo)- Now let j G -B„iid and let 
^ G 2 be a point above the wild branch point Tj. Let (pi,. . . ,(ps be a basis of V. We can choose 
this basis in such a way that (pi has a simple pole in ^ and that (p2,. . . ,(p8 generate the kernel of 
the residue map res^ : V ^ Fp. If we further replace (pi by a multiple of itself then we may assume 
that (pi = dui/ui, with ord^ ui = 1 and ord^ = for i > 1. In a neighborhood of ^, the cover 
Y ^ Z is (locally at ^) given by s Kummer equations = Ui, see Construction 4.3. Hence the 
deformation Yr Zr of K ^ Z is (locally at ^) given by s Kummer equations yf = Ui^R, where 
Ui^R lifts Ui. The equation ui^r = defines a section ^r : Speci? Zr which lifts the point ^. 
We define Tj^R : Spec R — > Xr to be the image of ^r. Using the if-action, one also checks that 
the definition of Tj,R for j G -Bwiw agrees with the definition of Tj^R for j G -Bjame) in case that 
j & -Btame n -Bwiid- This proves the claim. 

It is well known (see e.g. [4]) that the tangent space of the deformation functor Def {X;Tj) is 
given by 

T\X;Tj\jGB^^^) ^ H\X,Tx{- ^ Tj)). 

Here Tx is the sheaf of tangent vectors of X. Hence the morphism (33) induces a fc-linear map 

(34) ExtUCY/k,OY) H\X,Tx{- ^ r,)). 

In the next subsection we will analyze this map in more detail. 

4.3 Analysis of Extg(£y/s, Oy) By Lemma 4.2 and the spectral sequence (79) we have 

(35) Extl{CY/k,OY) = ExII^X'^yiu.Oy)" = f xt^(/:y/fe, Oy)«. 

The analogous statement for Ext^ holds as well. In other words, wc do not have to worry about 
group cohomology. In the following, we shall use this sort of argument over and over again, 
sometimes without mentioning it explicitly. 

A ^-derivation is an Ep-linear function d -.V k{Z). We say that Q is integral at a point ^ G 
if ^(^) G for all ^ G V. Let M. be the sheaf of integral ^-derivations; for an open subset 

U <E Z the group r{U,M) of sections over U is the set of V"-derivations which are integral at 
each point ^ € U. Obviously, is a locally free Oz-module whose rank is equal to s = dim^^ V. 
There is a natural H-action on M, i.e. a structure of iJ-Oz-module, such that is the sheaf of 
i?-equivariant ^-derivations on X. 

Let Tz = B.oinz{i^z/kjOz) denote the sheaf of tangent vectors on Z. We write Tz{D) := 
7z <8i OziD) etc. There is a natural injection of H-Oz-J^odules 

Tz{D) ^ M 

which sends a vector field to its restriction to V. From the definition of the divisor D it is clear 
that this is well defined and that the quotient A4 /Tz{D) is torsion free. 

Lemma 4.9 There is a natural isomorphism of H-Oz-modules 

(36) M HomGo(f^y/fc,Oy) :=T^°. 
Furthermore, we have a short exact sequence of H-Oz-modules 

(37) Tzi-D^) ^ M ^ £xt\.^{CY/k,OY) 0. 
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Proof: It suffices to prove this locally on Z. Hence we may assume that Z = Spec A is afBne 

and that there is a basis (f>i, . . . , (f)s V such that = dui/ui with Ui G A and such that Ui has 
at most simple zeros. By construction we liave 

y = Specs, B = C/I, 

where C = A[yi, . . . ,ys] is the polynomial algebra over A in s variables (with F-grading such that 
yi S C^^) and / is generated by the polynomials Uj — yf- One checks that the B-module I/P is 
free, with Go-invariant generators [ui — yf] . 

The cotangent complex Cy/k may be identified with the complex of G-Oy-modules associated 
to the complex L := {I/I^ — » ^c/k ® -S) of ^-graded S-modules with iJ-action. The differential 
of this complex sends the generator [ui — y^] to the 1-form duj. It follows that Clg/^. = H^{L) is 
the direct sum of the free B-module generated by dyj and the torsion module 

(^^B/fe)tors = ®A B. 

' [dui) 

Let 9 : V ^ Ahe an everywhere integral V-derivation. It gives rise to a Go-equivariant derivation 

V '■ ^B/k ~* B which is zero on {i^B/k)tois and such that 

V{<iyi) ■= 6{^i)yi. 

One checks that the association 9 ^ rj defines an isomorphism of iJ-O^-modules (36). 
Since both nontrivial terms of the complex L are locally free B-modules, we have 

Ext^„(£y/fc,Or) = if"(Hom^^(L,B)). 

For n = 1 this gives the exact sequence 

(38) ^ouioA^c/k.B) ^ Homco (///', S) Ext^„ (^y/^, Oy) ^ 0. 

Let 9 -.V Ahe a global section of M.. There exists a unique linear and Go-equivariant map 

V : I/P B such that 

= Ui9{(l)i) 

for all i. This defines an ^-linear map 

(39) H\Z,M) Homco (///', S). 

From (38) and (39) we obtain the sequence (37). It is easy to see that this sequence is i?-equivariant 
and does not depend on the choice of the basis of V. It remains to show that (37) is exact. 

Exactness on the left is obvious; exactness in the middle follows easily from the exactness 
of (38). To prove exactness on the right, let v : I/P — > S be a B-linear and Go-equivariant 
homomorphism. We can define a F-derivation 9 : V ^ ^(■^) = Frac(A) by setting 

Ui 

By construction the images of 9 and of u in Ext^jj(£y//;, Oy) are equal. If 9 was integral everywhere 
then we would be done. However, if ^ G Z is a point in the support of then 9 may not be 
integral at ^. In this case we may suppose that ordj Ui = 1 and that ordj = for i > 1. After 
shrinking Z to a sufficiently small neighborhood of ^ we may suppose that 

9' = 9~i^{[ui-y'l])d/dui\v 
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is integral everywhere. But since (38) is exact in the middle, the image of 6' inExt^„(/:y/fc,C'r) 
is the same as the image of 6. This finishes the proof of the lemma. □ 

Applying the exact functor T i— > to (37) we obtain a short exact sequence of Ox-modules 

(40) Tzi-D^)" M" ^ £xt\.{CY/k,OY) 0. 

The following proposition identifies the first boundary map associated to (40) with the differential 
of the morphism of deformation functors (33). 

Proposition 4.10 The following diagram commutes: 

E^t'a{CY/k,OY) > H0{X,£xtU^Y/k,OY)) 

(41) 1 1^ 

Here the upper horizontal arrow is deduced from the local-global spectral sequence (82). The left 
vertical arrow is the tangent map of the morphism (33). The right vertical arrow is the boundary 
map of the short exact sequence (40). The lower horizontal arrow comes from the canonical 
isomorphism 

Proof: Let us denote by Dcf {Z, H, Doo) the functor which classifies i?-equivariant deformations 
of the marked curve {Z, Doo) (here we identify Doc with its support, which consists of the points of 
Z lying above the wild branch points). By [3] the tangent space of Def {Z,H,Doo) is canonically 
isomorphic to 

H\Z,Tzi-D^f) - H\X,Tx{- J2 ^^O)- 

Using this fact, the proposition is easily reduced to the case H = 1 and Z = X. 

Let Y' be a G-equivariant deformation of Y over R = fc[e] and Z' := Y'/G the induced 
deformation of Z. We have seen in the last subsection that Z' is naturally endowed with a lift 
D'^ of the divisor Doo- We denote by e(Y') the global section of £xtQ^{CY/k, Oy) corresponding 
to Y', see §2 and §3. Similarly, we denote by e{Z' , D'^) G H^{Z,Tz{—Doo)) the cohomology class 
representing {Z', D'^). We have to show that e{Z') is the image of e{Y') under the boundary map 
d. 

To prove this, we will first recall the definition of e{Y') and e{Z' , D'^). Let (C/^) be a covering 
of Z by suSiciently small affine open subsets — Spec . Let = Spec dY he the inverse 
image of U^. Also, let U'^ = ?>\>ecA'^ c Z' (resp. W'^ = Spec B'^ c Y') be the induced deformation 
of U (resp. the induced G-equivariant deformation of W). 

Since Z is smooth over k there exists, for all fi, a (non-canonical) isomorphism of i?-algebras 

which lifts the identity on A^. For each pair of indices /k, A we set U^^\ := U^HUx = Spec A^^a- 
Then the equality 

defines a vector field 6^^x G T {U ^^x^Tz) . The 1-cocycle (^^,a) represents the cohomology class 
We may assume that 

B^ = A[yi\ u^,i-yl^], 
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with Uf^^i e such that (pi = du^^j/u^^j. There is a F-grading on such that y^,, e {3^)^^. 
Let j e {B'^)<pi be a lift of j/jj^^j. Then u'^ ^ := {y'^^^iY € A^^. Note that u|^_^ is independent of the 
choice of the hft y'^ ^. Set 

Let be the section of the sheaf M. over such that 

Using the definition of e(Y') via Theorem 3.3, together with the proof of Proposition 4.10, one 
checks that the image of under the second map in (39) is equal to the restriction of e{Y') to ?7^. 
A straightforward computation shows that 

On,x{4>i) = — — = Vij,^i-Vx,i 

for all /u. A, i. This means that 0^^a is mapped to Vfi — v\ G Y{U^^\, AA) under the first map in (39). 
Therefore, e{Z',D'^) is the image of e{Y') under the boundary map d. This is what we wanted 
to prove. □ 



Theorem 4.11 Suppose H'^{X,M^) = for n = 0, 1. Then the morphism 

Def(F,G) — > Bef{X;Tj) 
is an isomorphism. In particular, the deformation functor Def {Y, G) is unobstructed. 

Proof: The hypothesis implies that the boundary map 

(42) d:H°{X,£xtUjO.Y/k,OY)) ^ H\X,Tz{-D^f) 

deduced from the short exact sequence (40) is an isomorphism. The local-global spectral sequence 
for Extg gives rise to a short exact sequence 

^ H\X,T^) Ext^(£r/fe,OF) H\X,£xt}.{CY/k,OY)) ^ 0. 

But (36) and the hypothesis show that H^{X,Ty) = 0. Therefore, it follows from Proposition 
4.10 that the morphism Def (Y, G) — > Def (X; Tj) induces an isomorphism on tangent spaces. The 
theorem would follow if we knew that Def (F, G) is unobstructed. 
The local global spectral sequence for Ext^ also shows that 

(43) Ext^(£r/fe,Oy) = H\X,£xt'G{CY/k,OY)). 

Using again the long exact cohomology sequence deduced from (42) and the hypothesis we see that 
(40) is zero. Hence Def iY, G) is unobstructed by Theorem 3.3. This concludes the proof of the 
theorem. □ 



Remark 4.12 Suppose that all elements of V are regular, i.e. -Bwiid = 0- Then we may regard V 
as an Fp-s\ibvector space of the x-isotypical part of Jz [p] (k) . It can be shown that the hypothesis 
H"^{X,A4^) = of Theorem 4.11 is equivalent to the condition that the x-isotypical part of the 
group scheme Jz\p] is etale. Using this fact one can give a different proof of Theorem 4.11. In the 
special case dim^p V = 1 this is the approach taken in [25]. 
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5 Special deformation data 

In this section we suppose that X = F^. We begin by defining a certain class of multipUcative 
deformation data over X, which we call special. The definition of speciality may seem a little bit 
ad hoc. However, we show that the deformation fimctor Dcf (Y, G) associated to {Z, V) in the last 
section has some very nice properties if {Z, V) is special. These are the lifting property (Theorem 
5.7), the local-global principle (Theorem 5.11) and rigidity (Theorem 5.14). At a deeper level, 
these properties arc explained by the way special deformation data arise in the study of three 
point covers with bad reduction, see [25] and [26]. 

We also prove a technical result (Proposition 5.15) which is used in [26]. 

5.1 Let p be a prime, H a finite group of order prime to p and xo '■ H ¥p a one dimensional 
character on H with values in the algebraic closure of Fp. The values of xo generate a finite field 
¥q with q = elements. Set 

s-l 

p* _ \ ^ 

Xi '■ — Xo ' X — / ^ Xi- 

i=0 

Then x is an irreducible Fp- valued character. 

Let k be an algebraically closed field of characteristic p and set X := P^.. Let {Z, V) be a 
(multiplicative) deformation datum of type {H, x) over X. Choose a basis uq, . . . , cUg-i of V<Si¥p Fp 
consisting of eigenvectors, such that 

(44) a*uJi = Xi{oi)u}i, 

for all a € H and i = 0,...,s — 1. Let C denote the Cartier operator. Since C is -linear and is 
the identity on V, we have 

(45) C{oJi+i) = CiOJi 

for a constant Cj 7^ in Fp. (Here and for the rest of this section we will consider the index i 
modulo s.) After multiplying the LUi with a constant in Fp wc may assume that q = 1. 

As in the previous section, we denote by Tj, j G B, the critical points on X. Choose j & B and 
a point £, & Z above Tj , and set 

ruj := |StabH(OI, hf := ord^w^ + l, af := 

rrij 

The tuple {(Jj^^)ij is called the signature of the deformation datum {Z, V). For a rational number 
w, we let (w) denote the fractional part of w (such that < {w) < 1 and w — {w) G Z). 

Lemma 5.1 For all i we have 

(i) E,eB(^f -1) = -2, 

(ii) (af) = (pVf ). 

Proof: Part (i) follows from a straightforward computation using the Riemann-Hurwitz for- 
mula. To prove (ii), let ^ e Z be a point above Tj and z a local coordinate at ^. The inertia 

character ip^^ : iJ^ — > /c^ is determined by the congruence 

(46) a*z = 'il)^{a) z (mod 2;^) 
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for all a G := Stabn (^). Now (44) and the definition of /i^'^ imply that 

Xo = • 

Part (ii) of the lemma follows. □ 
Definition 5.2 The deformation datum {Z, V) is called pure if for all i we have 

E (-f ) = 1- 

Lemma 5.3 Let JVi he the sheaf of H-Oz-modules defined in §4.3. The deformation datum {Z, V) 
is pure if and only ifH"-{X, M") = for n = 0, 1. 

Proof: Let Oz,Xi denote the Xi-isotypical part of the sheaf 7r*Oz. Let : V ^ k{Z) be an 

i?-equivariant ^-derivation and extend it fc-lincarly to Vk- Then fi := 9{uji) is a meromorphic 
section of Oz,xi'^ it is holomorphic at r G X if and only if is integral at all points £, & Z above r. 
Therefore, the rule 6 (fi) defines an isomorphism 

^ Oz,x. 

1=0 

of Ox-modules. A local calculation as in the proof of Lemma 5.1 shows that 

degO^,^, = -E(^f)- 

Hence the lemma follows from the Riemann-Roch formula. □ 



5.2 In order to discuss special deformation data we need some more notation: 
Notation 5.4 Let {Z, V) be a deformation datum of type {H, x) and signature (o'j*^). Set 

and 

ay := mj-{ay), aj := mma^- . 

Definition 5.5 The deformation datum {Z, V) is called special if crj'^ ^ 1 for all i and j and if 
the following holds. There exists a subset Bq c B with exactly three elements such that 

^ ^ f 0, jGBo 
\ 1, 3^ Bo. 

A special deformation datum {Z, V) is called normalized if {tj \ j & Bq} = {0, 1, oo} c X = F^. 

For the rest of this section we assume that the deformation datum {Z, V) is special. Whenever 

it is convenient, wc may also assume that (Z, V) is normalized. (However, sometimes it more 

convenient to have Tj ^ oo for all j G B.) Since a^^^ ^ 1 we conclude that S^im C Bq and that 
= B. We set 

-Bnew := B — Bo, Spri„ := Bo — -Bwiw 
For an explanation of the terminology, see [26]. 
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Lemma 5.6 Suppose {Z, V) is special. Then the following holds. 

(i) The deformation datum {Z, V) is pure. 

(ii) We have f j*-* = Vj for all j £ B. 

(iii) Let j G B — -B„iM and let £, € Z be a point above tj . Then for all (p € V we have 

ordj = I'jm.j +aj — 1. 

Proof: By Lemma 5.1 (i) we have 

(47) 1 = 3 + ^(.f-l) + ^(af) > ^(af). 

jeB jeB jeB 

Suppose that J^ji'^j'^) = 0- Since cr]*-* 7^ 1, it would follow that B = Bq and ct]*^ = for all i 

and j. But then J^ji'^j^^ ~ 1) = ~<^> contradicting Lemma 5.1. We conclude that — 

proving (i). We also conclude that the inequality (47) is an equality, which means that u^^^ = Uj, 
proving (ii). 

It follows from Lemma 5.1 (ii) that ordj coi = rrija'j'^ — 1 takes pairwise distinct values for all i. 
Every element ^ gV can be written as J2i Cii^i, with Cj € k. Using C{(j)) = 4> and Equations (44) 
and (45), one shows that Ci ^0 for all i. Therefore, 

ordf0 = min (ordf Wj) = min (mjZ^^*^ + a^'^ — 1). 

i i ■> ■' 

Now (iii) follows from (ii). □ 
Putting Theorem 4.11, Lemma 5.3 and Lemma 5.6 (i) together, we get: 

Theorem 5.7 (Lifting property) Let Y be the curve with G-action corresponding to the special 
deformation datum {Z, V), as defined in §4. Tlie homomorphism of deformation functors 

Def(y,G) — > Bei{X;Tj) 

is an isomorphism. 

Problem 5.8 Let {H,x) be as in the beginning of this section. Let {(jf') bo a tuple of rational 
numbers (indexed by j G B and i G Z/s) such that the statements of Lemma 5.1 and of Definition 
5.5 hold. Furthermore, let (Tj)jgB be a i?-tuple of closed points oi X — P^. Does there exists a 
special deformation datum {Z,V) of type {H,x) with signature (cj*') and critical points (rj)? 

Proposition 5.9 With assumptions as in Problem 5.8: 

(i) Suppose that the character xa '■ H ^ ¥^ is injcctive. Then if it exists, the special deformation 
datum (Z, V) is uniquely determined (up to isomorphism) by the datum (iJ, tTj*\ Tj ). 

(ii) Fix (H, x, o'j*''). The set of all tuples (tj) such that there exists a special deformation datum 
{Z, V) with critical points (tj) is a locally closed subset of (F^ )^ . 

We will see later (Theorem 5.14) that the set of tuples (tj) in (ii) is actually finite. 

Proof: (Compare with [25], §3.5) Suppose that {Z,V) exists. Let H := H/ Ker{xo), Z := 
Z/Ker(xo) and x the restriction of x to H. The subvector space V C ^k{z)/k descends to a 
subvector space V C ^k{z)/k- checks that {Z,V) is again a special deformation datum, of 
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type {H,x)- The signature (ct^'^) and the set (tj) of critical points remain unchanged during this 
descent. Therefore, wc may assume that xo is injcctivc, even for the proof of (ii). (For (i) the 
assumption of injectivity is necessary because the cover Z ^ Z is not unique if Ker(xo) 7^ !•) 

If Xo is injective then H is cyclic of order m where m is a positive integer such that F, = Fp [(■„]; 
in particular, mlq — 1. Set a^*^ := m(aj'^). Then the a^'^ are integers with < a^*^ < m, 
0,^*'' = m and aj'^^'' = cL'p (mod m). The proof of Lemma 5.1 shows that the a^p determine 
the ramification type of the m-cyclic cover n : Z ^ X = F^. This can be made more explicit 
with Kummer theory. In fact, for all i there exists a rational section Zi of Oz,xi which satisfies the 
equation 

(48) zr = n(^-^^H"- 

Here x denotes the standard coordinate on X = and we assume, without loss of generality, that 
Tj ^ 00. The curve Z is the smooth projective model of the plane curve with equation (48) (for 
any 1). 

We claim that the eigenvector of 14 is of the form 

for some constant Cj G k. Indeed, a local calculation shows that the right hand side of (49) has 
everywhere the right order of poles and zeros compatible with the signature (crj*^ ) and the set of 
critical points (r^). This proves the claim. If we plug in (49) into the equation 

(50) C(a;i+i) = qo;, 

and look at Taylor series (say in x) on both sides, we obtain a set of algebraic equations with 
coefficients in Fp which arc satisfied by the tuple (tj). These equations define a Zariski closed 
subset of (Pp^)^. The conditions Cj 7^ define an open subset of this closed subset. We have 
shown that the set of tuples (r, ) coming from a special deformation datum with given type and 
signature are contained in a certain locally closed subset of (Pp^)^- It is clear that {Z,V) is 

uniquely determined by the datum (_ff, x, Tj). 

Conversely, let (tj ) be a S-tuple of /c-rational points of P^ which is contained in the locally 
closed subset constructed above. This means that if we define an H-covei n : Z ^ X = 
by equation (48) and define differentials oji on Z by equation (49) then (50) holds with certain 
constants Cj ^ 0. After multiplying the coi by suitable constants we may assume that Cj = 1. Let 
V C ^k(z)/k be the F^-linear subspace spanned by the Wj. The Cartier operator C stabilizes V 
and acts semi-simply on it. A well known lemma in p~-'^-linear algebra shows that the stabilizer V 
of C inside V is an Fp- vector space of dimension s = dim^^ V . Here we can be more explicit: if 
a e is an element such that xo{oi) generates Fg then 

(51) (pi := ^ Xi+i{a) ■ oJi, l = 0,...,s-l 

i 

gives a basis for V. By construction, {Z, V) is a special deformation datum of type {H, x), signature 
{(Tj^^) and with critical points (t, ). This concludes the proof of the proposition. □ 

5.3 The local-global principle For j G B, let Yj denote the completion of Y at the critical 
point Tj, see §3.3. Given an equivariant deformation of Y, we denote by Yj n the completion 
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of Yr at Tj ; this is an equivariant deformation of Yj . We obtain a morphism 

$: Def (y,G) — > ]jDef{Yj,G) 
jeB 

which maps a deformation Yr to the tuple Following [3], we call $ the local-global 

morphism. By the results of §3.3 we can identify the natural morphism arising from the local- 
global spectral sequence 

(52) Extij(£y/„Or) 

with the differential of In contrast to the situation studied in [3], $ is not formally smooth 
unless s = 1. In fact, if s > 1 then the groups £xtQ{CY/k,OY)Tj are not finite-dimensional over 
k. However, if we restrict our attention to the image of then we obtain a local-global-principle, 
comparable to [3], Theoreme 3.3.4. 

Lemma 5.10 The map (52) is injcctivc. Its image is the direct sum 

rx,rj<»k{Tj) C fxtlj(£^/fc,Oy);.. 

Proof: We have already seen in the proof of Theorem 4.11 that the natural map 

E^t},{CY/k,OY) — > H^{X,SxtUCY/k,OY)) 

is an isomorphism. (Note that the hypothesis of Theorem 4.11 is verified by Lemma 5.6 (i).) 
Furthermore, we have an isomorphism 

(53) H^{X,£xtUCY/k,OY)) = H\X,Tx{-Y,T,)). 

jeB 

The fc-dimcnsion of (53) is |_B| — 3 = |-B„ow| by Ricmann-Roch. 

Let £tor C £xtQ{LY/k^^Y) be the maximal sub-Ojf-module which is torsion. The sequence 
(40) and a local computation shows 

^ rz{D)" ^ ^x(E,gB(i-^.K.) 

Therefore, 

(54) H°{X,£tor) = Tx,r,^k{Tj). 

Comparing dimensions, we find that H°{X,£tor) ^ H°{X,£xt};{CY/k,OY)) is an isomorphism. 
This proves the lemma. □ 

Let Def (Yj, G)t c Def( Yj,G) denote the image of Def (F, G) under the localization map. 
In other words, Def (Y^, G)^ classifies those equivariant deformations of Yj which arise as the 
completion of a global deformation of Y. We denote by 

$t : Def (Y, G) Def (Y, G)'°'^ := JJ Def {Yj,G)^ 

jeB 

the restriction of $ onto its image. By Lemma 5.10, the differential of is the isomorphism 

Ext^(£y/S,C>y) ^ Tx,r,^k{Tj). 
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Theorem 5.11 (Local-global principle) 

(i) The functor Def {Yj, G)^ admits a versal deformation over the ring 




W{k), for j G Bo, 

W{k)[[tj]], forjGS„., 



(ii) The functor Dcf {Y, G) admits an effective universal deformation. Let R be the universal 
deformation ring. 

(iii) The restricted local-global morphism is an isomorphism. Therefore, we have 

R ^ ^w(k)Rj = W{k)[[tj\j&B^,„]]. 

Proof: By Theorem 4.8 the functor Def {Y, G) admits a versal deformation. By Theorem 
4.11 it is unobstructed. The space of 'infinitesimal automorphisms' of Def {Y, G) is isomorphic to 
H°{X,T^). By Lemma 4.9 we have 

H°{X,T^) S H°{X,M") = 0. 

Therefore, the versal deformation of Def (Y, G) is also universal, see [20] . It is effective by 

Grothcndicck's existence theorem. This proves (ii). The functors T)ciiYj,G)'^ arc unobstructed, 
because the same holds for Def iY,G). Using Theorem 3.11 and Lemma 5.10, it is easy to verify 
Schlessinger's axioms [20], showing that Def (Yj,G)'^ admits a versal deformation over the ring Rj, 
as claimed in (i). Finally, Lemma 5.10 (i) together with the argument used in the proof of [3], 
Theoreme 3.3.4, shows that S"^ is an isomorphism. This finishes the proof of the theorem. □ 

Remark 5.12 If s = dimp^ V = 1 then $t = 

5.4 Rigidity In this subsection [Z, V) and Y will be as before. Let R be an Artinian local 
fc-algebra with residue field k. Since R has characterisitc p, an equivariant deformation of Y 

over R corresponds to a deformation datum (Z/j, Vr) over R which lifts {Z,V). By this we 
mean that : Zr Xr = P}j is a tamely ramified ff-Galois cover lifting tt : Z — > X and 
Vr C H^{Zr,SIzr/r{Doo,r)) is an if-stable Fp-vector space of logarithmic differentials lifting V 
(here Doo.r C Zr is a relative Carticr divisor lifting Dao)- 

Let Yr be an equivariant deformation of Y and {Zr, Vr) the corresponding deformation datum. 
Choose j e B„ew and a point ^ G Z lying above tj . By the theory of tame ramification, there exists 
a local parameter z for Zr at ^ such that Ozj,.? = ^[[^]] a-nd a*z = ijj{a) ■ z for some character 
tjj : — > R^ . We say that the deformation Yr is j-special if every element </> G Vr is of the form 

(j) = z"'^+''^-^{co + ciz + ...)dz 

with Ci £ R and cq G R^. Note that this condition is independent of the choice of z. 

Lemma 5.13 The equivariant deformation Yr is trivial (i.e. isomorphic toY R) if and only if 
it is j-special for all j G B„ew- 

Proof: One direction of the claim follows immediately from Lemma 5.6 (iii). To prove the 
other direction, suppose that Yr is j-special for every j G B„g„. We have to show that Yr is the 
trivial deformation. By Theorem 5.11 (iii) it suffices to show that the completion Yj^R of Yr at r, 
is the trivial deformation of Yj, for all j G S„ew- Fix one index j. Since R is Artinian, we may 
prove triviality ofYj^R by induction: suppose that Yj^ri := Yj^r^rR' is trivial, where R' := R/xn^ 
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for some n > 1. Then we want to conclude that is trivial, where R" := R/xn^^. To simplify 

the notation, wc may even assume that R = R" . 

The 'diflFerence' between Yj-^a and the trivial deformation Yj ®k R, considered as lifts of the 
trivial deformation Yj <8)fe i?', is measured by an element 6j in 

£xt'G{CY/s,OY)7,®k ml ^ {M"/Tz{-Doo)")7^®k ml, 

see Theorem 3.11 (ii). Since Yj^ji lies in the image of the local-global morphism $ the element Sj 
lies in the subspace 

{Tz{Df /Tzi-D^f)-;. ^kml ^ Tx,r, ® k{Tj) ®kml, 

see the proof of Lemma 5.10. In other words, we may regard 9j as a tangent vector at Tj, with 
values in the fc-vector space m^. Wc have to show that 9j =0. 

Choose a point ^ € Z above Tj. Let z be a local parameter of Zr at ^ such that Ozr,^ = R[[z\\ 
and a*z = il>^{a) ■ 2; for a character ip^ : ^ R^ . It follows that OxR,Tj = -^[N]) where x := 2;"*^ 
and rrij := \H^\. Note that the fiber product i^,_R := Yn x Speci?[[2;]] is a connected component 
of Yj n. Let (1)1, . . . ,(f>s be a basis of Vr. Wc have = dui/ui for a unit Ui G which is 

unique up to multiplication by a pth power. The Gg-torsor Y^^r Speci?[[z]] is given by the 
Kummer equations 

Vi = Ui, i = l,...,s. 

By our induction hypothesis, the induced deformation Yjjj/ is trivial. This means that, for a 
suitable choice of the parameter z and the units Ui, the image of Ui in i?'[[2]] actually lies in the 
subalgebra k[[z]] C ^^'[[-2]]- In other words, we have 

Ui = u, + tH. uek[[z]]'', e k[[z]] (g)k ml- 

Claim: The tangent vector Oj extends to a vector field 9j € Tx.t^ ® ml in a neighborhood of 
Tj, with values in m^, such that 

(55) Vi = 0j{dui), 
for i = 1, . . . , s. 

Let us prove this claim. The class in Sxt]^{CY/ST^Y)'^- ®k ml corresponding to dj lifts to a 
local section 6'j of the sheaf in a neighborhood of Tj, via the exact sequence (40). We consider 

O'j as an Fp-linear and i?-equivariant map 9j : V ^ k[[z]] ^tn^. By the definition of 9j in terms of 
the deformation Yjjj, we have 0'j{(j)i) = Vi/ui (compare with the proof of Proposition 4.10). But 

since Yj^R lies in the image of the local-global morphism, 9j is actually the restriction to F of a 
vector field Oj on X which is regular in a neighborhood of Tj (compare with the proof of Lemma 
5.10). The claim follows. 

We can now finish the proof of the lemma. The vector field 9j appearing in the claim we have 
just proved can be written as follows: 

9j = (60 + + ...)£ = ^{boz^-"'' +hz + ...)£, 

with 6^ e m^. Since by assumption the deformation Yr is j-special we have dui = z'^^~^°'^~^{co + 
c\z + . . .) d^; with cq 7^ 0. Prom (55) we get 

(56) Vi = — {cobo + (co6i +ci6o)z'"^ +...). 
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But since du, = dwj + dvi is divisible by ^"»j+«3-i it follows that 

ttj Co 60 = 0. 

But Uj is prime to p and cq 7^ 0, hence 60 = 0. We conclude that 9j = 0, which completes the 
proof of the lemma. □ 

Theorem 5.14 (Rigidity) There exist, up to isomorphism, at most a finite number of special 
deformation data of given type {H, x) ■ Moreover, every special deformation datum can be defined 
over a finite field. 

Proof: For a fixed type {H,x) there exists at most a finite number of possibilities for the 

signature (crj*^) of a special deformation datum. Therefore, we may also fix the signature ((^'j*''). 
Let U C (P^)-^ be the locally closed subset from Proposition 5.9 (ii). Let U' C (pi)'Snew denote 
the intersection of U with the closed subset {(0,1, 00)} x (pi)^>"^w (pi)^. Thus, a point on 
U' corresponds to the branch locus of a normalized special deformation datum. To prove the 
corollary, it suffices to show that U' has pure dimension 0. Suppose that U' has an irreducible 
component of dimension > 0. Then there exists an algebraically closed field k of characteristic p 
and a nonconstant morphism ^p : SpecR — > U', with R = k[[t]]. We will show that (fi is constant, 
which gives a contradiction. 

Going again through the proof of Proposition 5.9, we see that ip corresponds to a deformation 
datum {Zfi, Vr) defined over R. Moreover, the special and the generic fiber of {Zr, Vr) are special 
deformation data. Applying Lemma 5.6 to the generic fiber of {Zn, Vr), we see that the pullback 
{Zri, Vr') of {Zr, Vr) over R' := R/t"" is a deformation of its special fiber which is j-special, for 
all j G -B„cw and for all n. Hence it follows from Lemma 5.13 that the curve Yri corresponding 
to {Zr',Vr') is the trivial deformation of its special fiber. By Theorem 5.7, this implies that the 
branch locus of the induced G-cover Yri — > Xr> = P}j, is constant, for all n. We conclude that 
ip : Speci? U' is constant, which proves the theorem. □ 



5.5 In this last section we prove a proposition which links two of our previous results on special 
deformation data: the lifting property (Theorem 5.7) and the local-global principle (Theorem 5.11). 
This proposition is a key ingredient for the proof of the main result of [26] . 

Let y be the universal equivariant deformation of Y over R, see Theorem 5.11. The quotient 
scheme X — y/G is naturally equipped with sections Tjj^ : SpecR X lifting the critical points 
Tj. We may suppose that = and that { r^- ^ | j e Bo } = {0, 1, 00}. With this normalization, 
we may regard the sections for j £ B„ow simply as elements of the ring R. Let [r,] G VK(fc) 
denote the Teichmiiller lift of Tj G k and set := T- f^ — [t,]. By the lifting property (Theorem 
5.7) we have 

R = W(/e)[[tj I 3 e -B_]] = W(/e)[[Tj | j e 

A priori, it is not clear that these two sets of coordinates of R are in any way related. However, 
we have: 

Proposition 5.15 For all j G B„ew there exists a unit wj G R^ such that 

Tj = Wj-tj (modp). 

Proof: Let R := fc[e] denote the ring of dual numbers. Fix some jo G B^^^ and let k : .R ^ be 
the unique W(fc)-algebra morphism which sends to e and tj to for j 7^ jo- Set Tj^r := k{t- ^). 
Then Tj^R = Tj + e ■ 5j for an element 6j G k. To prove the proposition it suffices to show that 

(57) 6j 7^ if and only if j = jo. 
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Let Yr denote the equivariant deformation of Y obtained from pulling back the universal 
deformation y along k. The isomorphism class of Yr corresponds to a class in Extg Oy). 
Via the isomorphism 

3 ^ ^new 

this class may be represented by a tuple {Oj), where Oj is a tangent vector in Tj (see the proof of 
Proposition 5.10). By the choice of the indeterminates tj and the homomorphism k, we have 

(58) ^ if and only if j = jo- 

On the other hand, it follows from Proposition 4.10 that the tuple {9j), considered as a class in 

represents the isomorphism class of the deformation {XniTj^a). Therefore, 

(59) ej=S,-^U=rr 

Now (58) and (59) together imply (57). The proposition is proved. □ 

To finish, let us explain briefly the motivation behind Proposition 5.15. Let i? be a complete 

discrete valuation ring of mixed characteristic (0,^). Let k be the residue field of R (which we 
assume algebraically closed) and K its fraction field. Let {Z, V) be a special deformation datum 
over X = F\ and Y ^ X the associated G-cover. Furthermore, let Tj^n € R he points on 
Xii = P)j which lift the branch points (tj) oi Y X. By the lifting property, there exists a 
unique lift Yr Xr of F — > X with branch points {tj^r). Assuming that (p G R, the generic fiber 
Yk — > Xk = is a tame Galois cover with Galois group 

G{K) ^ {Z/pY X H. 

By construction, the cover Yk Xk has bad reduction: the special fiber Y is singular and the 
induced map Y ^ X is not separable. However, after some blowing up we can find a certain nice 
model Yr Xr over R of Yk Xk, called the stable model, see [18] and [26]. 

What can we say about the stable model, and how does it depend on the choice of the branch 
points Tj,ij? Let us say that the stable reduction of Yr- Xk is nice if the vanishing cycles 
of Yr are resolved by blowing up Xr = Pj^ in certain disjoint closed disks with center Tj^r, for 
j G B — B„iia (in [25] this property is called special). If the stable reduction is nice, then the 
special fiber X of Xr is a comb. More precisely, X is a semistable curve consisting of the central 
component X and, for each index j € B — B„e^, a tail Xj meeting X in tj. Using Proposition 5.15 
one can show the following. 

Result 5.16 The stable reduction of Yk Xk is nice if and only if the branch points tj^r G R 
are 'sufficiently close' to the Teichmiiller lift [tj] E W{k) C R. 

In the case s = dimr^ V = 1 the 'if '-direction of this result was proved in [25], using a very 
different kind of argument. In [26] and still under the condition s = 1, both directions of the above 
result are proved, using Proposition 5.15. The case s > 1 is similar but a bit more involved and 
will be dealt with in a subsequent paper. 

Roughly speaking, the singularities of Yr can be described in terms of the image of the parame- 
ters tj in R (under the classifying map R ^ R oi the deformation Yr). Therefore, Proposition 5.15 
provides a link between the singularities of Yr and the position of the branch points of Yr Xr. 
It is somewhat surprising that such a relation exists at all, because the dependence of the cover 
Yr — > Xr on the branch points Tj^R seems to be of a more global nature. 
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A Picard categories and Picard stacks 

In this first appendix we recall some basic facts about Picard categories and Picard stacks. The 
main result we need is Proposition A. 2. References are [1], Expose XVIII and [22]. 

A. 1 A (strictly commutative) Picard category is a nonempty monoid together with a functor 

+ : !Px«p ^, {x,y) ^ x + y 

and two functorial isomorphisms 

a : {x + y) + z = X + {y + z), t: x + y = y + x 
such that the following holds. 

(i) The isomorphisms <t and r make + an associative and strictly commutative functor, in the 
sense of [1], Expose XVIII, §1.4.1. 

(ii) For any object y of *P, the functor x x + y is an equivalence of categories. 

Given two Picard categories ^1,^2, an additive functor from to is a functor F : *Pi ^ 
together with a functorial isomorphism 

F{x + y) ^ F{x) + F{y) 

which is compatible with the associativity and the commutativity laws, see [1], Expose XVIII, 
§1.4.6. Given two additive functors F, G : CPi ^ ?P2. a morphism of additive functors u : F —> G 
is a morphism of functors (automatically an isomorphism) such that the diagram 

F{x + y) G{x + y) 

F{x)+F{y) G{x)+G{y) 

commutes. We denote by i3om(^i, ^^2) the corresponding category of additive functors and by 
Hom(*Pi,^2) its set of isomorphism classes. One can show that Sjom{^i,^2) carries a natural 
structure of Picard category. 

Let A be a complex of abelian groups. We define a Picard category *Ptc(^) as follows. Objects 

of ^ic(A) are 1-cocycles, i.e. elements of Z^{A) = ¥^er:{A^ A^). Given two objects x,y G Z^{A), 
the set of morphisms Hom(.T, y) is the set of elements / G A^ such that d[f) = y — x, modulo 

0-coboundaries, i.e. elements of B'^{A) = lm{A~^ -i A"). The composition of two morphisms 
f : x ^ y and g : y ^ z is the sum f + g. The functor + is induced from the addition law of 
A^ . It follows immediately from this definition that the group of automorphisms of the 'neutral 
object' of ?pic(>l) is identified with H^{A), whereas the group of isomorphism classes of !pic(A) is 
identified with H^iA). Note also that ^k{A) = <pic(A[°'il), where ^I^'^l denotes the complex of 
amplitude [0, 1] deduced from A such that = for n = 0, 1. 

Given two complexes of abelian groups A,B, a homo morphism of complexes (p : A ^ B gives 
rise to an additive functor ^vc(<^) : ^ic(A) — > ^}ic{B). The functor ^vc(<^) is an equivalence 
of categories if and only if H'^{(p) is an isomorphism for n = 0,1. Given two homomorphisms 
(fjip : A ^ B, a, homotopy ip tjj gives rise to an isomorphism of additive functors ^xc{(p) = 
^xc{ip). Therefore, the association A 1— > ^ic(A) gives rise to a functor from the derived category 
©-"(Sib) to the category of all (small) Picard categories (morphisms in the latter category are 
isomorphism classes of additive functors). It is shown in [1], Expose XVIII, that this functor 
becomes an equivalence of categories when restricted to the full subcategory (2tb) of complexes 
of amplitude [0, 1]. 
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Remark A.l Our definition of ^ic(^) is a bit different from the definition used in [1], Expose 
XVIII. In loc.cit., *pic(A) is only defined for a eomplex of amplitude [—1,0]. For the apphcation 
of Picard categories in this paper, it seemed more convenient to to shift degrees by 1 and to aUow 
arbitrary complexes. 

A. 2 Let X be a topological space. (Actually, without changing anything essential, we could 
let X be an arbitrary site.) We denote by 2lb(X) the category of sheaves of abelian groups on X. 
The total right derived functor of the global section functor T{X, ■ ) is denoted by IRr(X, • ). For 
generalities about stacks, see [5] or [14]. 

A Picard stack over X is a stack ^ over X, together with a morphism of X-stacks 

+ : ^xx^ 2, {x,y) ^ x + y 

and two functorial isomorphisms 

(7 : (x + y) + z = X + {y + z), t: x + y = y + x 
such that the following holds. 

(i) For each open subset U <Z X, the fiber ^{U), together with the restrictions of +, a and t to 
U, is a (strictly commutative) Picard category. 

(ii) For each inclusion U <ZV oi open subsets, the restriction functor ^{U) — > ^{V) is a mor- 
phism of Picard categories. 

Given two Picard stacks 'P^, an additive functor from 'P^ to is an X-fimctor F ■.'^^^ 
together with functorial isomorphisms F{x + y) ~^ + P{y) whose restriction to each fiber 

is an additive functor. Given two additive functors F,G : ^ & morphism of additive 
functors is a morphism of X-fimctors u : F ^ G (automatically an isomorphism) whose restriction 
to all fibers is a morphism of additive functors. We denote by ^om(^^,'^^ the corresponding 
category of additive functors and by Hom(*p^,*P2) its set of isomorphism classes. It is easy to 
equip ioom(*p^, ^P^) with a natural structure of a Picard category. Moreover, one can show that 
the X-groupoid 

U ^ ^om(2Ja,^» 

is itself a Picard stack, see [1] , Expose XVIII. 

Let Ahe & complex of abelian sheaves on X. The association 

(where U C X runs over all open subsets of X) gives rise to a prestack *P'(^) over X. Let ?pic(^) 
be the stack over X associated to this prestack, see e.g. [14], Lemme (3.2). One checks that ^ic(.4.) 
is a Picard stack, in a natural way. For each open subset U C X, the natural functor 

(60) ^xc{T{U,A)) — > ^k{A) 

is an additive functor. In general, it is not an isomorphism. 

A homomorphism (p : A ^ B of abelian sheaves gives rise to a morphism ^vc(i^) : ^ic(^) — > 
^ic(jB) of Picard stacks. Moreover, a homotopy (p 'ip gives rise to a isomorphism of additive 
functors ^ic{(p) = ^ic{ip). Therefore, the association A ^ic(^) gives rise to a functor from the 
derived category D{X) to the category of all (small) Picard stacks on X (morphisms in the latter 
category are isomorphism classes of additive functors). 

Proposition A. 2 Let X be a topological space and A a sheaf of abelian groups on X such that 
H"{A) = for n < 0. Then we have a natural equivalence of Picard categories 

^ic{A){X) ^ «pic(Mr(A,^)). 
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This proposition seems to be well known. Since it is an important step in the proof of Theorem 

2.2 and wc could not find a suitable reference, wc give a proof. 

Proof: The hyper-cohomology spectral sequence and the assumption H"{A) = for n < 
show that 

W{X, = H"(X, A) for n = 0, 1. 

We may therefore assume that A = Let U = {Ui)^ei be an open covering of X. We choose 

a well-ordering on the index set /. Let Ku ■= C'{U,A) be the double complex whose nth column 
(for n = 0, 1) is the Cech cochain complex of A"' with respect to U: 



u 



n nuuA'') 

i 

n nui,j,A') 



n r(t/ij,fe,^°) 

i<j<k 

d 



n nui,A') 

i 

i<j 

I' 

H r{Uij,k,A') 

i<j<k 

a 



We define a morphism of Picard categories 

(61) ^pic(Tot(i^i,)) ^ W{A){X), 

as follows. An object of ^ic(Tot(/rj.<)) is a datum {fiiQij), with /j e T{Ui, Z^{A)) and gij e 
r([/jj,^°), such that 

(62) diQij) = fj\u,, - fi\u,,, 
for all i < j and 

(63) Qij - gi^k + gj,k = 

for all i < j < k. Let fi denote the object of ^ic{A){Ui) corresponding to /». By (62), gij 
corresponds to an isomorphism gij : fi\uij — * fj\uij- Now (63) means that these isomorphisms 
satisfy the cocycle relation gj^k ° 9i,j = 9i,k- In other words, {fi;gi,j) is a patching datum with 
values in ^ic(^). Since 'Pic(.A) is a stack, there exists an object / of ^ic{A){X) together with 
isomorphisms ai ■ f\ui fi such that gij = aj o a~^. By definition, / is the image of {fi,gij) 
under (61). 

Let {fi,gij) be another object of ^ic(Tot{Ku)), and let /' be the corresponding object of 
^iic{A){X). A homomorphism from {fi,gij) to {f-, g'^j) is a datum {hi), with hi £ T{Ui, A°), such 
that 

(64) d{hi) = n-fi 

for all i and 

(65) hjluij - hiluij = g'i,j-9i,j 
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for all i < j. Equation (64) shows that hi corresponds to an isomorphism hi : fi ^ fj. Moreover, 
by (65) the diagram 

fi\Uij — fi\Ui,j 
Si, 3 g'i.j 

fj\Ui,j — ^ fj\u,,j 

commutes for all i < j. In other words, (hi) is an isomorphism of patching data. Using again 
that ^ic(.4) is a stack, we see that there exists a unique isomorphism h : f ^ f such that 
hi o ai = a[ o h\ir.. By definition, h is the image of (hi) under (61). This finishes the definition 
of (61) as a functor. We leave it to the reader to check that (61) is indeed a morphism of Picard 
categories. 

Clearly, the definition of (61) is compatible with taking refinements of the covering U. There- 
fore, we obtain a morphism of Picard categories 

(66) lim Pc(Tot(i4:i/)) ^ic{A){X). 

u 

We claim that (66) is an isomorphism. Indeed, the discussion of the previous paragraph, leading to 
the definition of (61), shows that *pic(Tot(_ftr;^)) is isomorphic to the category of patching data for 
the covering with values in the prestack ^\t{A)' . On the other hand, the category ^\t{A){X) is 
the direct limit over the categories of such patching data, where the limit is taken over all possible 
coverings W; this follows from the construction of a stack associated to a prestack, see e.g. [14], §3. 
This proves the claim. 

To finish the proof of the proposition, it suffices to show that the natural morphisms 

Tot{Ku) — > Mr{X,A) 

induces isomorphisms on cohomology 

limif"(Tot(i^w)) ^ W{X,A) 
u 

for n = 0, 1. This is proved in two steps. First, one compares the two spectral sequences which 
compute the cohomology of Tot(ii^M) on the one hand and the hyper-cohomology groups H"(X, A) 
on the other hand. Then one uses the well known fact that Ccch-cohomology agrees with ordinary 
sheaf cohomology in degree n = 0, 1 (see e.g. [10], Ex. III. 4. 4). We omit the details. □ 

B Group cohomology for ctfRne flat group schemes 

We show how to compute the cohomology of an affine group flat group scheme in terms of cocycles 
and coboundaries, just as for abstract groups. Reference is [9], Expose I. 

B.l Throughout this section, we fix a commutative ring and an affine flat i?-group scheme 
G = SpecC>G. We denote by A : Oq — > Oq <8)r Oq the comultiplication and by e : Oq R the 
counit of G. 

A (right) G-R-module is an i?- module M together with an i?-linear morphism /xm : M 
Og ®r M such that (Ido^ <8>/xm) o A*m = (A (gi Mm) ° Mm and (e (8> Mm) ° A*m = Mm- For each 
i?-algebra R' and cr G G{R') we obtain an i?'-linear automorphism m i-^ m" of M' := M ®i? R' 
such that m"'' = {m")''. We shall denote by m{R, G) the category of G-i?-modules, by J?+(i?, G) 
the (triangulated) category of bounded below cochain complex in 9Jl(i?, G) (modulo homotopy) 
and by D+{R, G) the derived category of A+{R, G). 
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Given a G-i?- module M, the invariant i?-subinodule M*^ is the set of all m e M such that 

j-iM^'ni) = 1 0) TO, or, what is equivalent, m'^ = m, for all R' and cr e G{R'). The functor M ^ 
from dK{R, G) to the category of abelian groups is obviously additive and left exact. We denote its 
nth right derived functor by • ) and its total right derived functor by MP . (For the existence 

of enough injectives in 9Jl(G, R), see the proof of Lemma B.l below.) 



B.2 Given an ii-module M, we set 

M := Og ®r M. 

The map A® Mm : M ^ Og®rM gives M the structure of a (right) G-i?-module. A G-i?- module 
which is isomorphic to M for some J?-module M is called coinduced. If G is a finite group then 
this agrees with the usual definition of coinduced modules. 

Let M be an i?-module M, P a G-i?-module and (p : P M an i?-linear morphism. Then 
:= {Mog 0<p) ° I^p : P — > M is easily checked to be G-equivariant. One checks that this 
construction yields a natural isomorphism 

(67) Hom/j(P,M) ^ HomG(P,M). 

(The inverse of (67) is defined as follows: given a G-equivariant homomorphism : P — > M, 

If := (eC>5ldM) o'0 : P ^ M is an P-linear morphism such that ip = ^,5.) Moreover, the isomorphism 
(67) makes the functor M i— > M a right adjoint of the forgetful map from 9Jt(P, G) to S[)t(P). 



Lemma B.l For any R-module M we have 

ff"(G,M) = 



for n = 0, 
for n > 0. 



Proof: For n = 0, the lemma is equivalent to the exactness of the sequence 
(68) O^M — > M — > Og®rM 

(the first arrow sends to to 1 to and the second a®m to A(a) ® m — 1® a®m). Now (68) is 
exact on the left because R Og is flat, by assumption. Exactness in the middle is proved using 
the properties of the counit e : Og R- Hence the lemma holds for n = 0. 

Choose an injective resolution M — > /° — *■ — » • • • of the P-module M. The functor M i— > M, 
being the right adjoint of an exact functor, preserves injectives, see e.g. [24], Proposition 2.3.11. 
Therefore, M ^ ^ • • • is an injective resolution of the G-P-module M. Now the general 

case of the lemma follows from the case n = 0. □ 



B.3 Let M be a G-P-module. In order to compute the cohomology groups H"{G,M), it 
suffices to write down a resolution of M by coinduced G-P-modules. We do this as follows. Set 
B-\G,M) := M and define inductively B"{G,M) := (P"-i(M))~ for ah n > 0. As P-modules, 
we simply get 

B''{G,M) = Og®r_--^rOg®rM. 

(n+l)x 

We define differentials d : B''{G,M) B"-+^{G,M) by setting 

n 

d{ao • • • <8) a„ (8) to) := ^ (-1)"^ ao • • • A(Oi^) • • • a„ m 

+ (-1)"+^ ao • • • a„ iJLM{m). 
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Note that d : M = B-^{G, M) ^ M = B°{G, M) equals ijlm- It is easy to check that 

(69) M ^ B°{G,M) B\G,M) ••• 

is an (augmented) complex a G-i?-modules. (In fact, (69) is the (augmented) cochain complex 
associated to M and the pair of adjoint functors 9Jl(G, R) ^)Jl{R), see [24], §8.6.) Moreover, (69) 
is exact. This follows immediately from the existence of the homotopy 

f B"+i(G,M) — > B"(G,M) 

I ao ^ ■ ■ ■ 'Si a„ iSi m \ — > e(ao)ai (g) • • • (g) a„ m 

Applying the functor M i— > M*^ to the resolution (69) defines an augmented complex of R- 
modules 

(70) M'^ — > C\G,M) C\G,M) ••• 

Elements of C"{G, M) are called n-cochains with values in M. Likewise, elements of Z'^{G, M) := 
Ker(9) (resp. of B"'{G, M) := Im(9)) are called cocycles (resp. coboundaries) . Note that we have 
an isomorphism of ii-modules 

nx 

such that the canonical injection C^{G, M) ^ B"{G, M) sends the element ai (g • • • (g) a„ (g) m to 
the element 1 (g ai (g • • • (g) a„ (g m. Given an i?-algebra R', an n-cochain G C"{G, M) gives rise 
to a function 

G{R') X • • • X G{R') — > M' = MSrR', ct = (cti, . . . , c7„) i-^ <fig.. 

Now 1^ is a cocycles (resp. a coboundary) if and only if this function is a cocyclc (rosp. a coboundary) 
in the traditional sense, for all i?-algebras R' (again, it suffices to take R' flat over R). For instance, 
a 1-cochain is a cocycle if and only if 

'Pa,T = fa + fr 

holds for all tr, r e G{R'). It is a coboundary if and only if for all R' there exists an element 
m e M' such that ipa = m'^ — m holds for all a G G{R'). 
It follows from Lemma B.l that 

(71) H"(G,M) = H''{C'{G,M)) 

for all G-i?-modules M and all n > 0. The next proposition is a slight generalization of (71). 

Proposition B.2 Let M* G R'^{R,G) he a hounded below complex of G-R-modules. Then we 

have a natural isomorphism of derived complexes 

R^{M') = Tot (C"(G,M')). 

Proof: Let K denote the double complex B*{G,M'). The gth row of K is exact except at 
degree p = 0, where the cohomology is M^. Therefore, the spectral sequence associated to K 
(filtered by rows) shows that the augmentation M* — > K gives rise to a quasi-isomorphism 

M* — > Tot(ii'). 

By definition, the complex Tot(ii') consists entirely of coinduccd G-i?-modules, which are acyclic 
with respect to taking G-invariants, by Lemma B.l. Therefore, [24], Theorem 10.5.9 implies 

R^(M') = Tot(ii:)^ = Tot(G*(G,M*)). 

This finishes the proof of the proposition. □ 
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C Sheaves of G-Oy-modules 



The goal of this last appendix is to review the definition of equivariant hyperext groups and the 
construction of the two spectral sequences (79) and (82). The standard reference is [7]. 

C.l Let G ^ S undY ^ S be as in §1. Let \ : G Xs Y Y (rcsp. p : G XsY ^ Y) 
denote the morphism defining the action of G on y (rcsp. the second projection). Given a sheaf of 
Oy-modules J^, a lift of the G-action from F to is given by an isomorphism X*J^ — > p*J^ which 
satisfies certain obvious axioms, see e.g. [17], §111.12. 

Let and Q be G-Oy-modules. Let Homy(jF, Q) denote the i?-module of O^-linear (but not 
necessarily G-cquivariant) homomorphisms from J- to Q. It carries a natural structure of G-R- 
module, defined as follows. Let R' be a fiat i?-algebra and a G G{R'). Since R' is flat over R we 
have a natural isomorphism 

llomY{T,g)(E>RR' = Homy-(J^',g')- 
Given f : T' ^ Q' & Homy^T' ,Q'), we define via the following commutative diagram: 



a J- 



Q' 

a*g' 



Note that an Oy -linear morphism f : !F ^ Q \s G-equivariant if and only if it is invariant under 
the G-action just defined, i.e. 

mmG{T,Q) = Homy(JF,e;)*^. 

C.2 Let T be an Oy-module. We set := n*p*J^ and claim that ^ carries a natural structure 

of G-Oy-modulc. To define a G-action on JF, let S' = Spec R' be an afiine S'-scheme and a € G(S"). 
As usual, we indicate base change to S' with a prime (e.g. Y' = Y Xs S') and identify a with the 
automorphism of Y' induced from a via the action of G on F. Also, we let ta ■ G'x s' Y' ^ G'x s' Y' 
denote the automorphism induced from left translation by a on the first factor. Since p' ot^ = p', 
we have a natural isomorphism 



(72) 

Using the commutative diagram 



P 



(73) 



G' xc' Y' 



Y' 



G' Xc, Y' 



we obtain an isomorphism : T' ^ a* T' as follows: 
(74) = n^p — > jj^^t^p T - 



Y' 



One checks that the definition of is functorial in S' and satisfies the rule = {T*fa) o fr- 
This defines a lift of the G-action from Y to T. we may therefore regard T as, a. G-Oy-module. A 
G-Oy-module isomorphic to T for some 0y-niodule is called coinduced. Compare with §B.2. 
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Proposition C.l (i) Given an Oy-module T and a G-Oy-module Q, we have a natural iso- 
morphism of G-R-modules 

BomY{G,:F) ^ Rou^,J^) 
(the right hand side is the G-R-module coinduced from the R-module Homy (f/, 
(ii) The functor T ^ — y T is the right adjoint of the forgetful functor m{Y, G) m{Y). 
Proof: Given a G-Oy-module Q, we have natural isomorphisms of i?-modules 

(75) Homy(e?,JF) ^ HomGxF(M*^,P*^) = BomGxY{p*Q,P*J') ^ Boi^,J^). 

Here the first isomorphism is obtained from the adjointness of /z* and /x* , the second isomorphism 
from the G-action on Q and the third isomorphism exists because G ^ S* is flat. Note that both 
the first and the last term in (75) carry a natural structure of G-i?-module. One checks that (75) 
defines an isomorphism of G-ii-modules. This proves (i). Taking G-invariants and using Lemma 

B. l for n = 0, we obtain an isomorphism of ii-modules 

(76) HomG(a,:^) = Homy(e?,:F). 

A tedious but elementary verification shows that this isomorphism makes T ^ T the right adjoint 
of the forgetful functor SCn(y, G) ^ SCn(y). □ 

Corollary C.2 (i) The category 9Jt(F, G) has enough injcctives. 

(ii) Given a G-Oy-module Q, the functor 

Homy(g, • ) : 9Jl(y,G) — > m(R,G) 

sends injective G-Oy -modules to G-R-modules which are acyclic with respect to the functor 
M ^ M^. 

C. 3 Let A^B be complexes of G-Oy -modules. We assume that A is bounded below and 
that B is bounded in both directions. Then the totai Hom complex Yiom'Q^AjB) is a (bounded 
above) complex of abclian groups whose nth cohomology group is isomorphic to the group of 
homomorphisms A B[—n] up to homotopy, i.e. 

H^iHom'aiAB)) = Rom^+ ^y^G){A,B[-n]). 

See e.g. [24], 2.7.4. Let R^{'2lb) denote the category of bounded above complexes of abclian groups, 
up to homotopy, and S)~(2tb) its derived category. The functor HomG(^, • ) : ^{G, Y) — » ^~(2tb) 
is a morphism of triangulated categories and has a total right derived functor, which we denote by 
MHomG(A • ) : '^^{Y, G) ^ ©"(ab). The nth hyperext of A and B is defined as 

Ext2.(AB) := if"(MHomG(AB)) 

see e.g. [24], §10.7. It follows from standard arguments that the functor IRHomG( ■ ,B) : S)"'"(y, G) 
S)~(2lb) is a morphism of triangulated categories. 

Ignoring the G-action, we may as well define the total Hom complex Homy(^, S). By §C.l, 
the terms of Hom^(^, B) carry a natural structure of G-i?- modules such that 

(77) mm%{A,B) = Hom^(AB)°- 

This formula displays the functor HomG(^, • ) as the composition of two morphisms of triangulated 
categories 

^^{Y,G) — y ^-{R,G) — > ^-{m). 
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It follows from Corollary C.2 and [24], Theorem 10.8.2 that 

(78) RRomG{A,B) ^ M'^(KHomy(A ^))- 

Therefore, the hyperext group ExtQ{A, B) can be computed via the Grothendieck spectral sequence 

(79) i;^'" :=iff(G,Extf,(AS)) => Ext^+«(AS). 

C.4 Now assume that G — * 5 is finite and that Y can be covered by afSne G-stable open 

subsets. Then by [17], Theorem 12.1, the quotient scheme X := Y/G exists and the natural 
projection tt : F — » X is finite. Given a G-Oi'-module J^, one defines a sheaf of Ox-modules 
such that 

Let JF, Q be two G-Oy-modules. In view of §C.l it is clear that the sheaf Homy (.F, ^) is endowed 
with a natural action of G, i.e. with a structure of G-Oy-module. We set 

nomG{J^,g) := nomY{J^,gf. 

By definition, we have 

(80) RomciJ^^g) = T{X,nomGiJ^,g)). 

Lemma C.3 TJie additive functor HomGi^, • ) sends injective G-Oy-modules to T{X, ■ )-acyclic 
Ox -modules. 

Proof: By the construction of injective objects of Tl{Y,G) in §C.2, it suffices to proof the 
lemma for G-Oy-modules of the form T, where 1 is an injective Oy-module. Using Proposition 
C.l (ii) one shows that 

HomG{^,i) = TT* Womy(.?",T). 

It is well known that HomY{J-, • ) sends injective to T{Y, ■ )-acyclic Oy-modules. But since tt is 
finite the functor tt* is exact and so tt* Homy I) is r(X, ■ )-acyclic. This proves the lemma. □ 

Given two complexes of G-Oy-modules A and B (with A bounded below and B bounded), one 
defines the (bounded above) complex of Ox-modules 'Hom*Q{A,B). We let WHomG{A,B) denote 
the total right derived functor of HomG{A, ■ ), evaluated at B, and set 

£xt2:iA,B) := if"(IRWomG(^, S)). 

As in the previous subsection, it follows from (80) and Lemma C.3 that 

(81) RB.omG{A,B) ^ m:{X,RnomG{A,B)). 
In particular, there exists a spectral sequence 

(82) HP{X,£xtl,{A,B)) =^ Ext^+''(A S). 
Following [7], we call (82) the local-global spectral sequence for Extg. 
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